THEORY OF BERGMAN SPACES 
IN THE UNIT BALL OF C n 



RUHAN ZHAO AND KEHE ZHU 

Abstract. There has been a great deal of work done in recent years 
on weighted Bergman spaces on the unit ball B„ of C™, where 
< p < oo and a > — 1. We extend this study in a very natural way 
to the case where a is any real number and < p < oo. This unified 
treatment covers all classical Bergman spaces, Besov spaces, Lipschitz 
spaces, the Bloch space, the Hardy space H 2 , and the so-called Arveson 
space. Some of our results about integral representations, complex in- 
terpolation, coefficient multipliers, and Carleson measures are new even 
for the ordinary (unweighted) Bergman spaces of the unit disk. 

1. Introduction 
Throughout the paper we fix a positive integer n and let 

C n = C x • ■ ■ x C 

denote the n dimensional complex Euclidean space. For z — (zi, ■ ■ ■ , z n ) 
and w = (wi, ■ ■ ■ , w n ) in C n we write 

(z,w) = z x wi H h z n W n 

and 

\A = \/N 2 H i" \ Z n\ 2 - 

The open unit ball in C n is the set 

B„ = {ze C n : |*| < 1}. 

We use H(M n ) to denote the space of all holomorphic functions in B n . 
For any -oo < a < oo we consider the positive measure 

dv a (z) = (1 - \z\ 2 ) a dv(z), 

where dv is volume measure on B n . It is easy to see that dv a is finite if and 
only if a > —1. When a > —1, we normalize dv a so that it is a probability 
measure. 

Bergman spaces with standard weights are defined as follows: 

Ai = H(M n )nL p (M n ,dv a ), 
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where p > and a > — 1. Here the assumption that a > — 1 is essential, 
because the space L p (B n , dv a ) does not contain any holomorphic function 
other than when a < — 1. When a = 0, we use A p to denote the ordinary 
unweighted Bergman spaces. Bergman spaces with standard weights on 
the unit ball have been studied by numerous authors in recent years. See 
Aleksandrov Beatrous-Burbea ifTTI . Coifman-Rochberg [|2Ti . Rochberg 
IH51 . Rudin 03, Stoll [El, and Zhu Qg] for results and references. 

In this paper we are going to extend the definition of A p a to the case in 
which a is any real number and develop a theory for the extended family of 
spaces. More specifically, we study the following topics about the general- 
ized spaces A p a : various characterizations, integral representations, atomic 
decomposition, complex interpolation, optimal pointwise estimates, dual- 
ity, reproducing kernels when p — 2, Carleson type measures, and various 
special cases. 

Some results in the paper are straightforward consequences or general- 
izations of known results in the case a > — 1 , thanks to the isomorphism 
between A p a and A p via fractional integral and differential operators, and 
several results here have appeared before in the literature in different forms 
or different contexts. We included them here with full proofs for the sake 
of a complete and coherent theory. But we will try our best to reference the 
appropriate early sources whenever possible. On the other hand, most of 
our results require new techniques and reveal new properties. Although our 
paper is expository in nature, several of our results are new even in the case 
of ordinary Bergman spaces of the unit disk. 

Our starting point is the observation that, for p > and a > —1, a 
holomorphic function / in B n belongs to A p a if and only if the function 
(1 — \z\ 2 )Rf(z) belongs to L p (M n , dv a ), where 




is the radial derivative of /. This result is well known to experts in the 
field and is sometimes referred to as a theorem of Hardy and Littlewood 
(especially in the one-dimensional case). See Beatrous flU, Pavlovic PTTl . 
or Theorem 2.16 of [68]. More generally, we can repeatedly apply this 
result and show that, for any positive integer k, a holomorphic function / is 
in A p a if and only if the function (1 - \z\ 2 ) k R k f(z) belongs to L p (M n , dv a ). 

Now for p > and — oo < a < oo we fix a nonnegative integer k with 
pk + a > — 1 and define A p a as the space of holomorphic functions / in 
l n such that the function (1 - \z\ 2 ) k R k f(z) belongs to L p (M n ,dv a ). As 
was mentioned in the previous paragraph, this definition of A p a is consistent 
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with the traditional definition when a > — 1. Also, it is easy to show (see 
Section 3) that the definition of A p a is independent of the integer k. 

Our family of generalized Bergman spaces A p a , with p > and a real, 
covers any space (except H°°) of holomorphic functions that is defined in 
terms of membership in L p (M n , dv), < p < oo, for any combination of 
partial derivatives and powers of 1 — | z \ 2 . This family of spaces has appeared 
before in the literature under different names. For example, for any positive 
p and real s there is the classical diagonal Besov space B p consisting of 
holomorphic functions / in B n such that (1 — \z\ 2 ) k ~ s R k f(z) belongs to 
L p (dv-i), where k is any positive integer greater than s. It is clear that 
B s p = A p a with a = -{ps + 1); and A p a = B s p with s = -(a + I) /p. 
Thus our spaces A p a are exactly the diagonal Besov spaces. See Ahern- 
Cohen flTJ , Arazy-Fisher-Janson-Peetre flU, Arcozzi-Rochberg-Sawyer 0, 
Frazier-Jawerth J27l, Hahn-Youssfi flUEl, Kaptanoglu 01 (51, Nowark 
lT3~9ll , Peloso ll43l . and Zhu ll68l for some recent results on such Besov spaces 
and more references. In particular, our spaces A p a are the same as the spaces 
B p q (with q = a) in Kaptanoglu 11331 , although an unnecessary condition 
— qp + q > — 1 was imposed in ||33l . 

On the other hand, if s is a positive integer, p is positive, and a is real, 
then there is the Sobolev space W p a consisting of holomorphic functions / 
in M n such that the partial derivatives of / of order up to iV all belong to 
L p (M n , dv a ). It is easy to see that our generalized Bergman spaces are ex- 
actly the holomorphic Sobolev spaces. See Ahern-Cohen [1], Aleksandrov 
|[2]|, Beatrous-Burbea ifTTTl for results and more references. 

Therefore, for those who are more familiar or more comfortable with 
Besov or Sobolev spaces, our paper can be considered a unified theory for 
such spaces as well. However, we believe that most people nowadays are 
familiar and comfortable with the term "Bergman spaces", and our theory 
here is almost identical to the theory of ordinary Bergman spaces (as pre- 
sented in Zhu ll68ll for example), so it is also reasonable for us to call A p a 
weighted Bergman spaces. 

2. Preliminaries 

In this section we present preliminary material on Bergman kernel func- 
tions and fractional differential and integral operators. This material will be 
heavily used in later sections. 

Throughout the paper we use 

m = (mi, ■ ■ ■ ,m n ) 
to denote an n-tuple of nonnegative integers. It is customary to write 

1 771 1 = 777,1 + " " " + m n 
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and 

ml = • • • m n \. 
If z = (zi, ■ ■ ■ , z n ) is a point in C n , we write 



m _ mi m„ 
x5 — Z 1 • • • Z n 



The following multi-nomial formula will be used (implicitly) several times 
later on: 

— z m vT. (1) 
m! 

|m|=fc 

If / is a holomorphic function in B n , it has a unique Taylor series, 

m 

If we define 

f k (z)= a ^ m , fc = 0,l,2,..., 

|m|=fc 

then each / fe is a homogeneous polynomial of degree k, and we can rear- 
range the Taylor series of / as follows: 

oo 

/(*) = $>(*). 

fe=0 

This is called the homogeneous expansion of /. 

Using homogeneous expansion of / we can write the radial derivative 
Rf as 

oo 

=$>/*(*). 

k=l 

More general, for any real number t, we can define the following fractional 
radial derivative for a holomorphic function / in B n : 

oo 

R t f(z) = J2k t fk(z). 
k=i 

When we work with partial derivatives, we will use the following nota- 
tion: 

a\m\ f 

Q m f = * 

J dz^---dz™^ 

where m is any n-tuple of nonnegative integers. 

An important tool in the study of holomorphic function spaces is the 
notion of fractional differential and integral operators. There are numerous 
types of fractional differential and integral operators, we introduce one that 
is intimately related to and interacts well with the Bergman kernel functions. 
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More specifically, for any complex parameters s and t with the property that 
neither n + s nor n + s + t is a negative integer, we define two operators 
R 3 ' 1 and R s>t on ff(B n ) as follows. If 



is the homogeneous expansion of a holomorphic function in B n , we define 



If H(M n ) is equipped with the topology of "uniform convergence on com- 
pact sets", it is easy to see that each R s,t is a continuous invertible operator 
on H(M n ). We use R s t to denote the inverse of i? s '* on H(M n ). Thus 



When s is real and t > 0, it follows from Stirling's formula that 

r(n + 1 + s)T(n + l + k + s + t) ^ t 
T(n + l + s + t)T(n + l + k + s) ~ 

as k — > oo. In this case, R s,t is indeed a fractional radial differential op- 
erator of order t and R s t is a fractional radial integral operator of order 
t. 

The operators _R s i and _R Sj t seem to have first appeared in Peloso II431 . 
and independently in Zhu Il65lll66lll67l . as a way to define and study holo- 
morphic function spaces on the unit ball, and more generally, on bounded 
symmetric domains. This type of fractional differential and integral op- 
erators also became an important tool in the books by Arcozzi-Rochberg- 
Sawver 171 and Zhu 11581. 

Kaptanoglu 1(3311134111351 used these operators in a slightly more general 
way. More specifically, the technical conditions that n + s and n + s + t 
should not be negative integers can be removed if one is willing to make 
a separate definition for R s,t (and R s j) in this case. However, since these 
operators are meant to transform the kernel function (1 — (z, w))~^ n+1+ ^ 
to (1 — (z, w))~( n+1+s+t \ it is clear that the technical conditions mentioned 
above are natural. Otherwise, these functions would become polynomials 
and the corresponding reproducing Hilbert spaces would become finite di- 
mensional. Besides, in all our applications, it always involves in choosing 
a sufficiently large parameter s, and with the technical conditions imposed 
on s and t, there is never a lack of s for such choices. Also, the use of 
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k=0 
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complex parameters does not present any extra difficulty and will be more 
convenient for us on several occasions. 

Lemma 1. Suppose neither n + s nor n + s + t is a negative integer. Then 

R Sjt = 11*+^. 

Proof. This follows directly from the definition of these operators. □ 

Lemma 2. Suppose s, t, and A are complex parameters such that none of 
n + A, n + A + 1, and n + \ + s + tisa negative integer. Then R x,t R x+t ' s = 

R X,s+t_ 

Proof. This also follows from the definition of these operators. □ 

As was mentioned earlier, the main advantage of the operators R s ' 1 and 
R S;t is that they interact well with Bergman kernel functions. This is made 
precise by the following result. 

Proposition 3. Suppose neither n + s nor n + s + t is a negative integer. 
Then 

R s,t 1 = 1 

(1 - (z, w)) n+1+s (l-(z, w)) n + 1+s+t ' 

and 

R 1 _ 1 

S,t (1 - (Z, W ))n+l+s+t (! _ ( Zj w ))n+l+s ■ 

Furthermore, the above relations uniquely determine the operators R s,t and 
R s , t on H(M n ). 



Proof. See Proposition 1.14 of [|68l . The proof there is for the case when s 
and t are real. But obviously the same proof works for complex parameters 
as well. □ 

Most of the time we use the above proposition as follows. If a holomor- 
phic function / in M n has an integral representation 

djji{w) 



then 



R^m = f 7t 



(1 - (z,w)) n+1+& 
dp,(w) 



[z,w}) n+1+s+t ' 

In particular, if a > — 1 and n + a + t is not a negative integer, then 

f(rw)dv a (w) 



R^ffz) = lim . 
for every function / £ H(M n ). See Corollary 2.3 of flgH. 
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Proposition 4. Suppose N is a positive integer and s is a complex num- 
ber such that n + s is not a negative integer. Then the operator R S,N is a 
linear partial differential operator on H(M n ) of order N with polynomial 
coefficients, that is, 

R s > N f(z) = P m {z)d m f{z), 

\m\<N 

where each p m is a polynomial. 



Proof. The proof of Proposition 1 . 15 of 11681 works for complex parameters 
as well. □ 

Proposition 5. Suppose s and t are complex parameters such that neither 
n + s nor n + s + t is a negative integer. If a = s + N for some positive 
integer N, then 



R 



1 /'({-•«•)) 



(1 - (z, w)) n+1+a (1 - (z, u>))"+ 1+Q +* ' 

where h is a certain one-variable polynomial of degree N. Similarly, there 
exists a one-variable polynomial q of degree N such that 

l q((z,w)) 



(1 - {z,w)) n+1+a+t (l-(z,w)) 



n+l+a ' 



Rs 



Proof. See the proof of Lemma 2.18 of ll68l for the result concerning R s,t . 
Combining this with Lemma[D the result for R s t follows as well. 
Alternatively, we can use Proposition [3] to write 

1 i 

j^s,t R S '^R S 



(1 - (z, w)) n+1+a (1 - (z, w)) n+1+s 

Since R S ' N and R s ' 1 commute, another application of Proposition [3] gives 



(1 - (z, w)) n+1+a (1 - (z, w }) n+1+s+t ' 

The desired result then follows from Proposition|4] □ 

We also include an easy but important fact concerning the radial deriva- 
tive. 

Lemma 6. For any positive integer k the operator R k is a kth order partial 
differential operator on H(M n ) with polynomial coefficients. 

Proof. Obvious. □ 

We are going to need two integral estimates involving Bergman kernel 
functions. 
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Proposition 7. Suppose s and t are real numbers with s > — 1. Then the 
integral 



has the following asymptotic behavior as \z\ — > 1 . 

(a) If t < 0, then I(z) is continuous on B n . In particular, I(z) is 
bounded for z £ B n . 

(b) Ift > 0, then I(z) is comparable to (1 — |;z| 2 )~*. 

(c) Ift = 0, then I(z) is comparable to — log(l — \z\ 2 ). 

Proof. See Proposition 1 .4. 10 of Rudin @6]|. □ 

Proposition 8. Suppose a and b are complex parameters. If S and T are 
integral operators defined by 



then for any 1 < p < oo and a real, the following conditions are equivalent. 

(a) The operator S is bounded on L p (M n , dv a ). 

(b) The operator T is bounded on L p (M n , dv a ). 

(c) The parameters satisfy —p Re a < a + 1 < p(Re 6 + 1). 

Proof. See [|36ll or Theorem 2.10 of [|68l . Once again, those proofs are 
given for real parameters, but the proof for the complex case is essentially 
the same. The only extra attention to pay is this: when A = u + iv is a 
complex constant, we have 



(1 - (z,w)) x = |1 - (z,w)\ x exp(iu6 -v6), 
where 9 is the argument of 1 — (z, w), say 8 £ [0, 2n). It follows that 

|(1 - (z,w)) x \ = |1 - (z,w)\ u exp(-v6). 
Since v is a constant and 9 E [0, 2%), we see that 

|(1 - (z,w)) x \ ~ |1 - (z,w)r = |1 - (z,w)\^ x . 



Note that certain special cases of the above proposition can be found in 
Forelli-Rudin [|2l and Rudin R6l 





and 




□ 
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Proposition 9. Suppose Re a > —1. Then there exists a constant c a such 
that 

f{z) = c f /W(i-NW) z 

where f is any holomorphic function in B n such that 

j \f(z)(l-\z\ 2 r\dv(z)<oc. 

Proof. See Theorem 7. 1 .4 of Rudin [|46l or Theorem 2.2 of Zhu (5S|. □ 

3. Isomorphism of Bergman Spaces 

Our first main result shows that for fixed p, the spaces A p a are all isomor- 
phic. A word of caution is necessary here: while the isomorphism among 
A p a reduces the topological structure of A p a to that of the ordinary Bergman 
space A p , it does not help too much when the properties of individual func- 
tions are concerned. This is clear in the Hilbert space case: the Hardy space 
H 2 , the Bergman space A 2 , and the Dirichlet space B 2 are all isomorphic 
as Hilbert spaces, but their respective function theories behave much differ- 
ently from one to another. 

There is a good amount of overlap between the material in this and the 
next section with the results in Beatrous-Burbea IfTOllfTTI . Kaptanoglu 113411 , 
and Peloso [1431 . We present independent proofs here in order to achieve a 
complete and coherent theory. As was mentioned in the introduction, the 
spaces B P in Kaptanoglu [34J and our spaces A p a are actually the same (with 
the identification of a and q), while the family of spaces A p in Beatrous- 
Burbea ifTTIl covers ordinary Bergman spaces (our A p a with a > — 1) and 
Hardy spaces H p . 

Theorem 10. Suppose p > and a is real. If s is a complex parameter such 
that neither n+s norn + s + (a/p) is a negative integer, then a holomorphic 
function f in B n is in A p a if and only ifR s , a / P f is in A p . Equivalently, R s , a / P 
is an invertible operator from A p a onto A p . 

Proof. Recall that a holomorphic function / in M n is in A p a if and only if 
there exists a nonnegative integer k with pk + a > —1 such that the function 
(1 — \z\ 2 ) k R k f(z) is in L p (M n , dv a ). Obviously, this is equivalent to the 
condition that 

R k f EL p (M n ,dv pk+a ). (2) 
By Theorem 2.16 of ll68l . the condition that R Sja / p f € A p is equivalent 

to 

(l-\z\ 2 ) k R k R s>a/p f(z)eL p (M n ,dv). 
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Since R k commutes with R s , a / P , the above condition is equivalent to 

R s ,a/ P R k f £ L p (M n , dv pk ). 

If a > 0, then by Theorem 2.19 of ll68l . the above condition is equivalent 
to 

(1 - \z\ 2 ) a ' p R s ' a ' p R^ /p R k f G L p (M n ,dv pk ). 
Since R s ' a/p is the inverse of R S} a/ p , the above condition is equivalent to 

(l-\z\ 2 ) a/p R k f eU>{M n ,dv pk ), 

which is the same as ©. This proves the theorem for a > 0. 

If a = 0, the operator R Sja /p becomes the identity operator, and the 
desired result is trivial. 

If a < 0, then by Lemma [U we have R S}(X / p f G A p if and only if 
RS+a/P: - a/p j e AP ^ whichj accorc iing to Theorem 2.16 of (51, is equiv- 
alent to 

(1 - \z\ 2 ) k R k R s+a/p '- a/p f G L p (M n ,dv). 
Since R k commutes with R s+a /p~ a /p s the above condition is equivalent to 

ffs+a/p-a/pgkf e L p (M n ,dv pk ), 

or 

(1 - I^^Wp^M-"/^^ G LP(B n ,d Upfc+Q ). 

Since a < 0, it follows from Theorem 2.19 of [68J that the above condition 
is equivalent to ©. This proves the desired result for a < and completes 
the proof of the theorem. □ 

As a consequence, we obtain the following result which shows that the 
definition of A p a is actually independent of the integer k used. This is of 
course a phenomenon that has been well known to experts in the field. 

Corollary 11. Suppose p > and a is real. Then the following conditions 
are equivalent for holomorphic functions f in M n . 

(a) / G A p a , that is, for some positive integer k with kp + a > —1 the 
function (1 - \z\ 2 ) k R k f(z) is in L p (M n , dv a ). 

(b) For every positive integer k with kp + a > —1 the function (1 — 
\z\ 2 ) k R k f \z) is in L p (M n , dv a ). 

Proof. This follows from the proof of Theorem [TOl This also follows from 
the equivalence of (a) and (d) in Theorem 2.16 of [|68l . □ 

Since the polynomials are dense in A p , and since the operators R s,t and 
R St t map the set of polynomials onto the set of polynomials, we conclude 
from Theorem [10] that the polynomials are dense in each space A p a . 

The following result is a generalization of Theorem [TOl 
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Theorem 12. Suppose a is real, f3 is real, and p > 0. Let t = (a — (3)/p 
and let s be a complex parameter such that neither n + s nor n + s + t is a 
negative integer. Then the operator R s t maps A p a boundedly onto A P a. 

Proof. We can approximate s by a sequence {s^} of complex numbers such 
that each of the operators R Sk ,u R Sk+t ^/ p , and R Sk , a / P is well defined. Ac- 
cording to Lemmas \T\ and we have 

-R-s k ,t ^ -^s k ,a/p- 

Since R^+^/p i s the inverse of R Sk+t fi/ p , it follows from Theorem ITOl that 
each R Sk ,t maps A p a boundedly onto A p . Since R s j is well defined, an easy 
limit argument then shows that R s t maps A p a boundedly onto A P q. □ 

For any positive p and real a we let iV be the smallest nonnegative integer 
such that pN + a > — 1 and define 



11/11^ = 1/(0)1 



;i-l^ 2 )^l^/(^)l p ^«(^) 



(3) 



for / G A p a . Then A p a becomes a Banach space when p > 1. For < p < 1 
the space is a topological vector space with a complete metric 

<*(/,<?) = !!/-<«• (4) 

The metric d is invariant in the sense that 

d(f,g) = d{f-g,0). 

In particular, A p a is an F-space. One of the properties of an F-space that we 
will use later is that the closed graph theorem is valid for it. 

4. Several Characterizations of A p a 

In this section we obtain various characterizations of A p a in terms of frac- 
tional differential operators and in terms of higher order derivatives. 

Theorem 13. Suppose p > and a is real. Then the following conditions 
are equivalent for holomorphic functions f in M n . 

(a) / G A p a . 

(b) For some nonnegative integer k with kp + a > — 1 the functions 
(1 - \z\ 2 )\ m \d m f{z), where \m\ = k, all belong to L p {B n ,dv a ). 

(c) For every nonnegative integer k with kp + a > — 1 the functions 
(1 - \z\ 2 )\ ml d m f(z), where \m\ = k, all belong to L p (M n , dv a ). 

Proof. Fix a nonnegative integer k with pk + a > — 1 and assume that 

(l-\z\ 2 ) k d m f(z)eL p (M n ,dv a ) 
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for all \m\ = k, then 

(l-\z\ 2 ) k d m f(z)eL p (M n ,dv a ) 

for all |m| < k; see Theorem 2.17 of 11681 . Since R k is a linear partial 
differential operator on H (B„) with polynomial coefficients (see Lemma©, 
we have 

(l-HWWei ? (Bn,^), 

or / e A p a . This proves that condition (b) implies (a). That condition (c) 
implies (b) is obvious. 

Next assume that / 6 A p a . Then by Theorem ITOl the function g = 
Rf3,a/ P f is in A p , where (3 is a sufficiently large (to be specified later) posi- 
tive number. By Proposition [9], we have 

g(w) dv p (w) 



Apply R@> a /p to both sides and use Proposition |3l We obtain 

gjw) dv p{w 
(z,w)y 



f( Z ) In /_ ...Wn+l+p+a/p- ^ 



If p > 1 and k is any nonnegative integer such that pk + a > —1, then 
we choose [3 large enough so that 

- pk < a + 1 < p (b + - J . (6) 

Rewrite the reproducing formula © as 

1 — \w \ 2 Y +a ' p h(w) dv(w) 



where 



(1 - (z^^+^+o/P 



h{ z ) = (i - MT a/ M4 

Differentiating under the integral sign, we obtain a positive constant C (de- 
pending on the parameters but not on / and z) such that 

(1 - \w\ 2 f +a / p \h{w)\ dv(w) 



(1- \z\ 2 ) k \d m f{z)\ < C(l - |^| 2 ) fc 



\n+k+l+P+a/p 



where \m\ = k. Since h E L p (M n , dv a ), it follows from © and Proposi- 
tion[8]that the functions (1 — \z\ 2 ) k d m f(z), where \m\ = k, all belong to 

L p (M n ,dv a ). 

The case < p < 1 calls for a different proof. In this case, we differen- 
tiate under the integral sign in © and obtain a constant C > (depending 
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on the parameters but not on / and z) such that 

(1- \z\ 2 ) k \d m f{z)\ <C(l-\z\ 2 ) k 



|gr(iw)|(l — \w\ 2 Y dv(w) 

\l - ( Z w )\n+k+l+f3+a/p ' 



where \m\ = k. We write 



P = — - (n + 1) 

V 

and assume that (3 is large enough so that /3' > 0. Then we can apply 
Lemma 2. 15 of Il68l to show that the integral 

|gr(iu)|(l — Iwl 2 )^ dv(w) 



i/p 



11 - (Z, W \\n+k+l+/3+a/p 

is less than or equal to a positive constant times 



9{w) 



v 



It follows that there exists a positive constant C such that 

where |m| = fc. Integrate both sides against the measure rff a and apply 
Fubini's theorem. We see that the integral 



1 - \z\ 2 ) kp \d m f{z)\ p dv a {z 
is less than or equal to C times 

\g{w)\ p {l - \w\ 2 f dv{w 



(1 - \z\ 2 ) kp+a dv(z 



|1 _ /^ jUJ \|p(n+*+l+/9)+a" 

Estimating the inner integral above according to Proposition [71 we find an- 
other constant C" > such that 

[1 - \z\ 2 ) kp \d m f(z)\ p dv a (z) < C" [ \g(w)\ p dv(w) 



for all \m\ = k. This proves that (a) implies (c), and completes the proof of 
the theorem. □ 

Note that several special cases of the above theorem are well known. See 
Beatrous-Burbea [fTTTl or Pavlovic [HTI for example. In fact, any nontangen- 
tial partial differential operator of order k with C°° coefficients may be used 
in place of R k ; see Peloso 11431 . The proof above uses several techniques 
developed in Zhu (681 • 
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Theorem 14. Suppose p > 0, a is real, and f is holomorphic in B„. Then 
the following conditions are equivalent. 

(a) / G AP a . 

(b) There exists some real t with pt + a > — 1 swc/i function 
(1 — |z| 2 )*-R' s ' t /'(< 2; ) ij m L p (M n , dv a ), where s is any real parameter 
such that neither n + s nor n + s + t is a negative integer. 

(c) For every real t with pt + a > — 1 the function (1 — l^l 2 )*-^'*/^) 
is in L p (M n , dv a ), where s is any real parameter such that neither 
n + s nor n + s + t is a negative integer. 

Proof. It is obvious that condition (c) implies (b). 

To show that condition (b) implies (a), we fix a sufficiently large positive 
number j3 and apply Proposition [9] to write 

R s ' t f{w){l - \w\ 2 ) t+ P dv{w) 



2+l+t+/3 



(z,w)) n ^ 

where c t+f3 is a positive constant such that c t+/3 dvp is a probability measure 
on B n . Apply R k to both sides, where A; is a nonnegative integer such that 
kp + a > — 1. Then there exists a polynomial h of degree k such that 

R k R s,t f( , f H(z,w))R s ' t f(w)dv t+/3 (w) 

I[) L (l-(z,w)) n+1+k+t+f3 ' 
If (3 is chosen so that (3 — s is a sufficiently large positive integer, we first 
write 

k 

h((z,w)) = ^c,-(l - (z,w)Y, 

3=0 

then apply the operator R s t to every term according to the second part of 
Proposition [51 and then combine the various terms. The result is that 

Rs > tR R f(z) = L H-(zM)^^ ' 
where g is a polynomial. Since the operators R s t , R k , and commute 
with each other, and since R s t is the inverse of R s,t , we obtain a constant 
C > such that 

2\fei vk £ /_m ^ rif-i i„i2\fc 



(1- 


\w\ 


2y\ 


R s tf{w)\dvp{w) 




1 - 


- (z,w)\ n + 1+k +P 



{l-\z\ z Y\R k f{z)\ <C{l-\z\ l ) 

We then follow the same arguments as in the proof of Theorem [T3l to show 
that the condition 

(l-lziyiR^fiz)] eIf(M n ,dv a ) 

implies 

{l-\z\ 2 ) k R k f(z) eLP{M n ,dv a ). 
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This proves that condition (b) implies (a). 

To show that condition (a) implies (c), we fix a function / e A p a and 
choose a sufficiently large positive number (3 such that the function g = 
Rp,a/pf is m A p . We then follow the same arguments as in the proof of 
Theorem [T3l to finish the proof. The only adjustment to make here is this: 
instead of differentiating under the integral sign, we apply the operator i? s '* 
inside the integral sign and take advantage of Proposition \5\ (assuming that 
(3 is chosen so that (3 — s is a positive integer). We leave the details to the 
interested reader. □ 

The above theorem has appeared in several papers before, at least in vari- 
ous special forms. See Kaptanoglu [|33l[[34ll , Peloso Il43l , and Zhu [68]. The 
book ifm of Beatrous and Burbea also contains a version of the result for 
a > — 1 which is based on a different family of fractional radial differential 
operators. 



5. HOLOMORPHIC LlPSCHITZ SPACES 

The classical Lipschitz space A Q , < a < 1, consists of holomorphic 
functions / in B n such that 

\f(z)-f(w)\<C\z-w\ a , z,weM n , 

where C is a positive constant depending on /. It is well known that a 
holomorphic function / is in A Q if and only if there exists a positive constant 
C such that 

(l-\z\ 2 y- a \Rf(z)\ <C, zeM n . 

See Rudin flU and Zhu 1551 . 

In this section we extend the theory of Lipschitz spaces A a to the full 
range — oo < a < oo. More specifically, for any real number a we let 
A a denote the space of holomorphic functions / in B n such that for some 
nonnegative integer k > a the function (1 — \z\ 2 ) k ~ a R k f(z) is bounded in 
B n . We first prove that the definition of A Q is independent of the integer k 
used. 

Lemma 15. Suppose f is holomorphic in B n . Then the following conditions 
are equivalent. 

(a) There exists some nonnegative integer k > a such that the function 
(1 - \z\ 2 ) k ~ a R k f{z) is bounded in B n . 

(b) For every nonnegative integer k > a the function 

(1 - \z\ 2 ) k - a R k f(z) 

is bounded in B n . 
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Proof. Suppose A; is a nonnegative integer with k > a. Let N = k + 1. 

If the function (1 — \z\ 2 ) N ~ a R N f(z) is bounded in B n , then an elementary 
integral estimate based on the identity 

1 R N f(tz) 



R k f(z)-R k f(0) = I ^Jp-dt 
Jo 1 



shows that the function (1 — \z\ 2 ) k ~ a R k f(z) is bounded in B n . 

Conversely, if the function (1 — \z\ 2 ) k ~ a R k f(z) is bounded, then there 
exists a constant c > such that 

1 - \w\ 2 ) k - a R k f(w)dv(w) 



R k f(z) = c [ 



(1 - (z,w)) n + 1+k - a 
see Proposition |9] Taking the radial derivative on both sides, we get 

(z,w){l - \w\ 2 ) k - a R k f(w)dv(w) 



R N f{z) = C 



(l-(z,w)) 



n+l+N-a 



where C = c(n + 1 + k — a). This combined with Proposition]?] shows that 
the function (1 - \z\ 2 ) N ~ a R N 'f(z) is bounded in B n . 

Therefore, the function (1 — \z\ 2 ) k ~ a R k f(z) is bounded if and only if the 
function (1 — \z\ 2 ) k+1 ~ a R k+1 f (z) is bounded, where k is any nonnegative 
integer satisfying k > a. This clearly proves the desired result. □ 

The above lemma is most likely known to experts in the field, although 
we could not find a precise reference. In the case a > 0, the above result as 
well as everything else in this section can be found in Zhu [68]. 

In what follows we let k be the smallest nonnegative integer greater than 
a and define a norm on A Q by 

||/|U = 1/(0)1 + sup(l-\z\ 2 ) k - a \R k f(z)\. 

It is then easy to check that A Q becomes a nonseparable Banach space when 
equipped with this norm. 

We write B = A . This is called the Bloch space. It is clear that / G B if 
and only if 

sup(l - \z\ 2 )\Rf(z)\ < oo. 



See |]68l for more information about B. Our next result shows that all the 
spaces A a are isomorphic to the Bloch space. 

Theorem 16. Suppose s is complex and a is real such that neither n + s 
nor n + s + a is a negative integer. Then the operator R s ' a maps A a onto 
B. 
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Proof. Suppose / is holomorphic in B„. Then R s ' a f is in the Bloch space 
if and only if the function (1 — \z\ 2 ) k R k R s ' a f(z) is bounded in M n , where 
k is any positive integer. See Lemma [T51 above . 
If / G A Q , then the function 

g(z) = (1 - \z\ 2 ) k -"R k f(z) 

is bounded in B n , where k is any positive integer greater than a. Let N be 
a sufficiently large positive integer such that the number (3 defined by 

k- a + {3 = s + N 

has real part greater than —1. Then we use Proposition [9] to write 

n k f( 7 ) = r [ dvf,{w) 

Applying Proposition^ we obtain a polynomial h such that 

g(w)h({z,w)) dvp{w) 



R s ' a R k f(z) 



(1 - (z,w)) n + 1+k +P 



By Proposition|7l the function 

(1 - \z\ 2 ) k R s ' a R k f(z) = (1 - \z\ 2 ) k R k R s ' a f(z) 

is bounded in B n , so R s,a f is in the Bloch space. 

On the other hand, if R s ' a f is in the Bloch space, then by Lemma[H the 
function R s+a - a f is in the Bloch space. We fix a suffiently large positive 
integer N such that (3 = N + s + a has real part greater than —1. By part 
(d) of Theorem 3.4 in ll68l (the result there was stated and proved for real 
(3, it is clear that the complex case holds as well), there exists a function 
g e L°°(M n ) such that 

g(w) dvp(w) 



R s+a ,- a f(z)- liAl _ {zM)n+ i + v 

We apply the operator R s+a - a to both sides and use Proposition[5]to obtain 

r p((z,w))g(w)dv p (w) 

I[Z) J Mn (1 - ( ZiW ))«+l+P-a ' 

where p is a polynomial. An easy computation then shows that 

Q((z,w))g(w)dv p (w) 



R k f(z) = [ 



in (l-(z,w)) n+1+f,+k - a ' 
where k is any positive integer greater than a and q is another polyno- 
mial. By Proposition |71 the function (1 — \z\ 2 ) k ~ a R k f(z) is bounded in 
B n , namely, / 6 A a . This completes the proof of the theorem. □ 
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More generally, if s is any complex number such that neither n + s nor 
n + s + a — ft is a negative integer, then the operator R s > a ~P is bounded 
invertible operator from A a onto Ap. See the proof of Theorem [T2l 

Theorem 17. Suppose f is holomorphic in B n and a is real. If Re (3 > — 1 
and n + (3 — a is not a negative integer, then f e A Q if and only if there 
exists a function g G L°°(M n ) such that 

, ( ]= f gH dvp{w) 

for z G M n . 

Proof. If / admits the integral representation ©, then for any nonnegative 
integer fc>awe have 

P((z,w))g(w) dv p {w) 



R k f(z) = [ 

J Br. 



in (l-(z,™)) n+1+/m - Q ' 
where p(z) is a certain polynomial of degree k. An application of Proposi- 
tion[7Jshows that the function (1 — \z\ 2 ) k ~ a R k f (z) is bounded in B n . 

On the other hand, if f £ A a , then by Theorem [T6l the function i?^ - "'"/ 
is in the Bloch space. According to the classical integral representation of 
functions in the Bloch space (see Choe [fT8l or part (d) of Theorem 3.4 in 
Zhu's book (681), there exists a function g E L°°(M n ) such that 

g(w) dvp(w) 



(z 7W ))n+l+(P-*)+*- 

Applying the operator R^^a to both sides and using Proposition [3l we 
conclude that 

_ f g{w)dv p {w) 



(1 - (z,w)) n + 1 +0- a 
This completes the proof of the theorem. □ 

Since the proof of Theorem 3.4 in Zhu ll68l is constructive, it follows that 
there exists a bounded linear operator 

L : A a - L°°(B n ) 

such that the integral representation in © can be given by choosing g = 
L{f). 

Theorem 18. Suppose a is real and k is a nonnegative integer greater than 
a. Then a holomorphic function f in M n belongs to A a if and only if the 
functions 

(1 - \z\ 2 ) k - a d m f(z), \m\ = k, 
are all bounded in B„. 
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Proof. If / G A Q , we apply Theorem [171 to represent / in the form 



where g G L°°(B n ), (3 > — 1, and n + /3 — a is not a negative integer. 
Differentiate under the integral sign and apply Proposition [7J We see that 
the functions (1 — \z\ 2 ) k ~ a d m f(z), where \m\ = k, are all bounded in B n . 

Conversely, if the function (1 — \z\ 2 ) k ~ a d m f(z) is bounded in B n for 
every \m\ = k, then it is easy to see that the function (1 — \z\ 2 ) k ~ a d m f(z) 
is bounded in M n for every \m\ < k. Since R k is a A;th order linear partial 
differential operator on H(M n ) with polynomial coefficients (see Lemma©, 
we see that the function (1 — \z\ 2 ) k ~ a R k f(z) is bounded in B n , namely, 



Various special cases (such as the Bloch space and the case a G (0, 1)) of 
the above theorem and the next have been well known. See Aleksandrov 0, 
Choe HI, Nowark (35), Ouyang- Yang-Zhao El, Pavlovic E0, Peloso 
ll43ll . and Zhu [68 J, among many others. 

Theorem 19. Suppose a and t are real with t > a. If s is a complex 
parameter such that neither n + s nor n + s + t is a negative integer, then 
a holomorphic function f in M n belongs to A a if and only if the function 
(1 - \z\ 2 ) t - a R s ^ t f(z) is bounded in B n . 

Proof. First assume that the function 



is bounded in B n . By Proposition [9[ there exists a positive constant c such 
that 



where (3 is a sufficiently large positive number with (3 — a = s + N for 
some positive integer N. If k is a nonnegative integer greater than a, it is 
easy to see that there exists a polynomial p of degree k such that 




feA, 



□ 



z\ 2 y- a R s ^f(z) 





(8) 



We decompose 



k 




3=0 
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apply the operator R s>t to both sides of ®, use Proposition [51 and combine 
the terms. The result is that 

h(z, w)g(w) dvp(w) 



R s , t R k R s ^f(z) = I 



(z,w)) n+1+k +P- a '' 



where h is a certain polynomial. Since all radial differential operators com- 
mute, we have 

rC s i IX it — it . 

This together with Proposition!?] shows that 

C 



\&f(*)\ < 



1 - z 



2\k-c 



for some constant C > 0, that is, / G A a . 

Next assume that / 6 A„. Let N be a sufficiently large positive integer 
and write (3 — a = s + N. By Theorem [T7l there exists a function g E 
L°°(M n ) such that 

71 J A. (l-<^, «;»"+!+/»-«■ 
According to Proposition [51 there exists a polynomial h such that 

ft, (2, w)g(w) dvp(w) 



R s ' l m = [ 7^ 

</B n U — 



(2,w)) n+1 +' 3 - a +*' 

An application of Proposition [7] then shows that 

C 



\R sf f{z)\ < 



'1 - \z 



2\t-a 



for some constant C > 0, that is, the function (1 — \z\ 2 ) 1 a R s,t f(z) is 
bounded in B„. □ 

All results in this section so far are in terms of a certain function be- 
ing bounded in B n . We mention that these results remain true when the 
big oh conditions are replaced by the corresponding little oh conditions. 
More specifically, for each real number a, we let A a )0 denote the space of 
holomorphic functions / in B n such that there exists a nonnegative inte- 
ger k > a such that the function (1 — \z\ 2 ) k ~ a R k f(z) is in C (B n ). Here 
C (B n ) denotes the space of continuous functions / in B n with the property 
that 

lim f(z) = 0. 
I*l-i- 

It can be shown that the definition of A a is independent of the integer k 
used. The special case A is denoted by B and is called the little Bloch 
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space of B„. Clearly, / & B if and only if 

limjl - \z\ 2 )Rf(z) = 0. 

An alternative description of A a is that it is the closure of the set of 
polynomials in A a , or the closure in A a of the set of functions holomorphic 
on the closed unit ball. 

It is then clear how to state and prove the little oh analogues of all results 
of this section. It is also well known that when dealing with the little oh 
type results of this section, the space C (B n ) can be replaced by C(B n ), the 
space of functions that are continuous on the closed unit ball. We leave out 
the routine details. 



6. Pointwise Estimates 

We often need to know how fast a function in A p a grows near the bound- 
ary. Using results from the previous section, we obtain optimal pointwise 
estimates for functions in A p a . 

Theorem 20. Suppose p > and n + 1 + a > 0. Then there exists a 
constant C > (depending on p and a) such that 

1/(2)1 < CllflU 



(1 - |^|2)(n+Q+l)/p 

for all f G A p a and z e B n . 

Proof. Suppose / e A%. Then R N f e A p pN+a , where pN + a > -1. By 
Theorem 2.1 of ll68Tl. 

(1 - \z\ 2 ) {n+1+pN+a)/p \R N f(z)\ < C\\f\\ Pja 

for some positive constant C (depending only on a). Since 

n + 1 + pN + a n + 1 + a 

iV "T , 
P p 

it follows from Lemma [T51 that there exists a constant C > (depending 
on p and a) such that 

(l-|z| 2 )(" +1+ ^|/(^)|<C7'||/|| p , a 

for all z G B„. □ 

In the case a > — 1 the above theorem can be found in numerous papers 
in the literature, including Beatrous-Burbea [1 1J and Vukotic 11571 . 

It is not hard to see that the estimate given in Theorem [20] above is op- 
timal, namely, the exponent (n + a + l)/p cannot be improved. However, 
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using polynomial approximations, we can show that 



lim (1 - \z\ 2 ) {n+a+1)/p f{z) = 



whenever / 6 A p a with n + 1 + a > 0. Also, if a > — 1, then the constant 
C can be taken to be 1; see Theorem 2.1 in [68J. 

Theorem 21. Suppose p > and n + 1 + a < 0. TTien every function in 
A p a is continuous on the closed unit ball and so is bounded in B n . 

Proof. Given f £ A p a , Theorem \\0\ tells us that we can find a function 
g E A p such that / = R s ' a ^ p g, where s is any real parameter such that 
neither n + s nor n + s + (a/p) is a negative integer. By Theorem l20l 
and the remark following it, the function (1 — \z\ 2 )^ n+l ^ p g{z) is in Co(B n ), 
which, according to the little oh version of Lemma [T51 is the same as g 6 
A_( n+1 )/ P . Let (3 be a sufficiently large positive number such that 



for some positive integer N . We first apply the little oh version of Theo- 
rem [FT] to find a function h 6 Co(B n ) such that 

f h(w) dvp{w) 



We then apply the operator R s > a /p to both sides and make use of Proposi- 
tion [51 The result is 



where p is a polynomial. By part (a) of Proposition [/J the integral above 
converges uniformly for z £ M n and so the function f(z) is continuous on 



When n + 1 + a < 0, functions in A p a are actually much better than 
just being continuous on the closed unit ball. For example, it follows from 
Theorems [T2l [T9l and [20] that every function in A p a , n + 1 + a < 0, actually 
belongs to a Lipschitz space Ap for some (3 > 0. See Corollary 5.5 of 
Beatrous-Burbea [TTII for a slightly different version of this observation. 

Theorems l20l and [2TI also follow from Lemmas 5.4 and 5.6 of Beatrous- 
Burbea [fTTTl . However, as our next result shows, the estimates in [fTTTl for 
the remaining case a = — (n + 1) do not seem to be optimal. 

Theorem 22. Suppose n + 1 + a = and f G A p a . 

(a) If < p < 1, f/ien /(z) w continuous on the closed unit ball. In 
particular, f is bounded in M n . 





the closed unit ball. 



□ 
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(b) If 1 < p < oo and l/p+ 1/q = 1, then there exists a positive 
constant C (depending onp) such that 

1/9 



!/(*)!< c 



log- 



(n+1) 



.Bp, the diagonal Besov spaces on 



see 



for all zGl, 
Proof Note that 

Chapter 7 of [|68l . If < p < 1, the Besov space B p is contained in 
Bi (this is well known, and follows easily from Theorem [32] and the fact 
that l p C I 1 for < p < 1). Since B x is contained in the ball algebra (see 
Theorem 6.8 of ll68l for example), we conclude that B p is contained in the 
ball algebra whenever < p < 1 . 

If p > 1, we use Theorem 6.7 of ll68l to find a function g G L p (M n , dr) 
such that 

g{w) dv(w) 



'i 



where 



dr(z) 



dv(z) 



is the Mobius invariant measure on 
sentation as 

' 1 - 



t . Rewrite the above integral repre- 



/(*) 



u ' 



1 - (z,w) 

and apply Holder's inequality. We obtain 



n+1 



g{w) dr{w) 



\g{w)\ p dr{w) 



\w 



2\(n+l)(g-l) 



■ dv{w) 



|1 - (z,w)\( n+ Vi 

An application of Proposition [7] to the last integral above yields the desired 
estimated for f(z). □ 



7. Duality 

A linear functional 

F:A p a ^C 

is said to be bounded if there exists a positive constant C such that 

W)|<C||/|| p , a (9) 

for all / G A p a . The dual space of A p a , denoted by (A^)*, is the vector space 
of all bounded linear functionals on A p a . For any bounded linear functional 
F on A p a we use ||F|| to denote the smallest constant C satisfying ©. It 
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is then easy to check that (A p a )* becomes a Banach space with this norm, 
regardless of p > 1 or p < 1. 

By results of the previous section, the point evaluation at any z G M n is 
a bounded linear functional on A p a . Therefore, (A p a )* is a nontrivial Banach 
space for all p > and all real a. 

Results of this section for the case p > 1 are motivated by the well-known 
duality relation (A p )* = A q for ordinary Bergman spaces under the ordinary 
volume integral pairing. Results of this section in the case < p < 1 are 
motivated by and are generalizations of various special cases obtained in 
the papers Duren-Romberg-Shields E4ll . Rochberg [|45l , Shapiro [48|, and 
Zhu [65 1 . We also mention that this section overlaps with part of Section 7 
of Kaptanoglu ll34ll . 

Theorem 23. Suppose 1 < p < oo, a is real, and j3 is real. If 



and if S\ and s 2 are complex parameters such that both R Sl , a /p and R S2 ,p/q 
are well-defined operators, then (A^)* = A q ^ (with equivalent norms) under 
the integral pairing 



and the well-known duality (A p )* = A q under the integral pairing 



1 1 
- + - 
p q 



1 




where f G A p a and g G A%. 

Proof. This follows from the identities 



R si,a/p A p = A p^ 



R S2,P/q A q = A V 



(f,9) 




fgdv, 



where / G A p a and g G A% 

If a > — 1 and (5 > — 1, then the integral pairing 



□ 




can be replaced by the integral pairing 





where 



7 



a 3 
- + -. 
p q 



(10) 
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See Theorem 2.12 of ll68i For arbitrary a and f3, we can also use the 
integral pairing 



r-»i- 



lim / R a „f(rz)g(rz)dv(z), feA p a ,geA 



/3' 



where 7 is defined by (flOl) and s is any complex parameter such that the 
operator R s >7 is well defined. 

More generally, if 7 is given by (flOl) and if k is a sufficiently large positive 
integer, then the duality (A^)* = A^ can be realized with the following 
integral pairing 



(f,g) 7 = f(0)g(0)+ / (l-\z\ 2 ) k R k f(z)(l-\z\^R"g(z)dv,(z), 

where / G A p a and g e Ai. Many other different, but equivalent, integral 
pairings are possible. 

Theorem 24. Suppose < p < 1, a is real, and (3 is real. If s\ and 
S2 are complex parameters such that the operators R si) a/p an d R S2,13 are 
well-defined, then (A^)* = under the integral pairing 

(f,g)= lim / R 8l>a/p f{rz) R s ^g{rz) dv^z), 

where f G A p a , g G Ap, and 7 = (n + l)(l/p - 1). 

Proof. This follows from the identities 

R si,a/p A p = AP ^ R s2,P A/3 = i3) 

and the well-known duality (A p )* = B under the integral pairing 



(/,#)= lim / f{rz)g{rz)dvr 1 {z). 



See Theorem 3. 17 of & □ 

Once again, it is easy to come up with other different (but equivalent) 
duality pairings. We state two special cases. 

Corollary 25. For any real a we have (A^)* = A a (with equivalent norms) 
under the integral pairing 



(/,#)= lim / f(rz)g(rz)dv{z), 



where f G A^ and g G A a . 

Proof. Simply choose si = s 2 , a = /3, and p = 1 in the theorem. □ 
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Corollary 26. Suppose a is real and s is any complex parameter such that 
R s,a is well defined. Then (A l a )* = B (with equivalent norms) under the 
integral pairing 



(/,#}= lim / R s>a f(rz)g(rz)dv(z), 



where f G A\ and g G B. 

Proof. Simply choose (3 = in the theorem. □ 

Theorem 27. Suppose a and [3 are real. If s% and S2 are complex param- 
eters such that the operators R n,a and R S2 '^ are both well defined, then 
(A^q)* = A x a (with equivalent norms) under the integral pairing 

(f,g)= lim / R 8ua f(rz) R s ^g(rz) dv(z), 
where f G A\ and g G A^ q. 

Proof. See the proof of Theorem [24l □ 

We also mention two special cases. 

Corollary 28. For any real a we have (A^o)* = A\ (with equivalent 
norms) under the integral pairing 



r-»l" 



(/,5 , )=lim / f(rz)g(rz)dv(z) 



where f G A Qi o and g G A\. 

Proof. See the proof of Corollary |25l □ 

Corollary 29. Suppose a is real and s is a complex parameter such that the 
operator R s,a is well defined. Then (Bo)* = A\ (with equivalent norms) 
under the integral pairing 



(f,g) = lim / R Sya f(rz)g(rz)dv(z) 1 
where f G Bo and g G A^. 

Proof. Just set (3 = in the theorem. □ 

8. Integral Representations 

In this section we focus on the case 1 < p < oo and show that each 
space A p a is a quotient space of L p (E n , dvp). We do this using Bergman 
type projections. 

Integral representations of functions in Bergman spaces of B n started in 
Forelli-Rudin ||25l and have seen several generalizations; see Choe |[T8lh 
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Kaptanoglu ll34ll . and Zhu ll68l . The next result appears to be new even in 
the case of unweighted Bergman spaces of the unit disk. 

Theorem 30. Suppose p > 1 and a is real. If-y and X are complex param- 
eters satisfying the following two conditions, 

(a) p(Re>y + 1) > Re A + 1, 

(b) n + 7 + (a — \)/p is not a negative integer, 

then a holomorphic function f in M n belongs to A p a if and only if 
f( z) = f 9Hdv,(w) 

for some g G L p (M n , dv\). 

Proof. Suppose that the parameters satisfy conditions (a) and (b). Let 

= 7--- 
V 

Then A = p( r y—{3). Note that condition (a) is equivalent to p(Re/3+l) > 1. 
In particular, Re (3 > — 1 and n + (3 is not a negative integer. Also, condition 
(b) is equivalent to the condition that n + (a /p) + (3 is not a negative integer. 
So the operators RP' a l p and R/3, a /p are well defined. 

If / G A p a , then by Theorem [TOl the function R/3 )0 / p f is in A p . It follows 
from Theorem 2.1 1 of ll68l (note that the result there was stated and proved 
for real parameters, the case of complex parameters is proved in exactly the 
same way) and the condition p(Re (3 + 1) > 1 that there exists a function 
h G L p (M n , dv) such that 

f( s_[ h(w) dvpjw) 
P ' a/pn ) ~L (l-(z,w)) n+1+l3 ' 
Apply the operator RP< a 'p to both sides and use Proposition [3] Then 

h{w) dvp{w) 



/(*) 



„ (1 - ( Z:W ))n+l+P+(a/p)- 



Let 



g(w) = (1 - \w\ 2 f^h(w). 
Then g G L p (M n , dv x ) and 



g(w) dvj(w) 



(1 - 



The above arguments can be reversed. So any function represented by 
(fTTT) is necessarily a function in A p a . This completes the proof of the theo- 
rem. □ 
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Once again, the proof of Theorem 2.1 1 of ll68l is constructive. So there 
exists a bounded linear operator 

L:Al^D>{M n ,dv x ) 

such that the integral representation in (fTTj) can be achieved with the choice 
9 = L(f). 

If condition (b) above is not satisfied, then 

for some nonnegative integer k, and any function represented by (PTTI) is 
a polynomial of degree less than or equal to k. In this case, the integral 
representation (fTTI) cannot possibly give rise to all functions in A p a . This 
shows that condition (b) is essential for the theorem. 

We can also show that condition (a) is essential. In fact, if every function 
g E L p (M n , dv\) gives rise to a function / in A p a via the integral representa- 
tion (fTTT) . then we can apply the operator R"f+( a ~ x )/p> k to both sides of (fTTI) 
and use Theorem [Tj] to infer that the operator 

g(w) dv^iw) 



Tg{z) 



\2\k 



(1 - (Z, W ))n+l+k+l+(a-^)/p 

maps L p (E n , dv\) boundedly into L p (M n , dv a ), where k is any nonnegative 
integer such that pk + a > — 1. Write 

g(w) = (1 - \w\ 2 Y a - x)/p h(w). 

Then g E L p (M n , dv x ) if and only if h E L p (M n , dv a ). It follows that the 
operator 

1 - \w\ 2 y< + ^-^l p h{w) dv{w) 



Sh{z) 



\2\k 



(1 - (Z, w ))n+l+k+j+(a-\)/p 

maps L p (M n , dv a ) boundedly into L p (M n , dv a ). By Proposition [81 the pa- 
rameters must satisfy the conditions 

/ a — A 
-pk < a + 1 < pRe 7H h 1 

V V 

It is easy to see that these two conditions are the same as the following two 
conditions: 

pk + a>-l, p(Re7 + 1) > Re A + 1. 
Therefore, the conditions in Theorem l30l above are best possible. 

Corollary 31. Suppose p > 1 and a is real. If f3 is any complex parameter 
such that 

(a) p(Re (3 + 1) > a + 1, 
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(b) n + (5 is not a negative integer, 
then a holomorphic function f in B n belongs to A p a if and only if 

_ f gjw) dvpjw) 

for some g G L p (M n , dv a ). 

Proof. Simply set 7 = (3 and A = a in the theorem. □ 

9. Atomic Decomposition 

Atomic decomposition for the Bergman spaces A p a was first obtained in 
Coifman-Rochberg ETI in the case a > —1. This turns out to be a powerful 
theorem in the theory of Bergman spaces. We now generalize the result 
to all A p a . We will also obtain atomic decomposition for the generalized 
holomorphic Lipschitz spaces A a . 

Theorem 32. Suppose p > 0, a is real, and b is real. Ifb is neither nor a 
negative integer, and 

( 1\ a + 1 
> nmax 1, - H , (12) 

V v ) v 

then there exists a sequence {ak} in M n such that a holomorphic function f 
in B n belongs to A p a if and only if 

for some sequence {c^} G l p . 

Proof. Note that the condition in (fl"2l) implies that 

, a ( A 1 

> n max 1, — M — > n. 



V \ V J V 

This, together with the assumption that b is neither nor a negative inte- 
ger, shows that the operators R s > a / p and R s , a / P are well defined, where s is 
determined by 

a 

b = n + l + s + -. 

V 



Also note that the condition in (|12l) implies that 

, 1\ 1 

b > n max ( 1, — H — , 

W P 
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where b' = b — (a/p). By Theorem 2.30 of [68.1, there exists a sequence 
{cik} such that / G A p if and only if 



fc=l 



for some sequence {c^} G P. 
If / is given by (fT3l . then 



Rs, a /pf{z) = 



'1 — lajfc 



2\fe-(n+l+a)/p 



fc=l 



(1- (^,a fc )) 6 -«/P 



or 



Rs,a/pf[Z) = 2_^ C k 77 



fe=l 



[z,a k )Y 



According to the previous paragraph, we have R SiCe /pf £ ^4 P - Combining 
this with Theorem [KB we conclude that / eij. 

The above arguments can be reversed, showing that every function / G 
A p a admits an atomic decomposition (fT3l) . This completes the proof of the 
theorem. □ 



Recall that when a = — (n + 1), the resulting spaces A p a are nothing but 
the diagonal Besov spaces B p . Atomic decompositions for Besov spaces 
have also been obtained in Frazier-Jawerth ll27l and Peloso 1:431 . 

It can be shown that the assumptions on the parameters in the above the- 
orem are optimal. It can also be shown that for / G A p a , we have 

oo 

ll/HL* ~inf J>*r, 

k=l 

where the infimum is taken over all sequences {c^} satisfying the represen- 
tation (fT3l) . 

The atomic decomposition for functions in the Bloch space was first ob- 
tained in Rochberg H51 . As a consequence of atomic decomposition for the 
Bloch space, we now obtain an atomic decomposition for functions in the 
generalized Lipschitz spaces. 

Theorem 33. Suppose a and b are real parameters with the following two 
properties: 

(a) b + a > n. 

(b) b is neither nor a negative integer. 
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Then there exists a sequence {dk} in M n such that a holomorphic function 
f in M n belongs to A a if and only if 



2\b+a 



for some sequence {ck} E l c 



Proof. Choose s so that b = n + 1 + s. Then the operators R s,a and R Sja 
are well defined. 

Let b' = b + a. Then a function / is represented by (IT3T ) if and only if 

for some {c^} G Since R s ' a A a = B, the desired result then follows 
from the atomic decomposition for the Bloch space; see Theorem 3.23 of 

ESI. □ 



Once again, the assumptions on the parameters b and a in the above the- 
orem are best possible. 

A little oh version of Theorem [331 also holds, giving the atomic decom- 
position for the space A a )0 . The only adjustment to be made is to replace 
the sequence space Z°° by cq (consisting of sequences that tend to 0). We 
omit the details. 

As a corollary of atomic decomposition, we prove the following embed- 
ding of weighted Bergman spaces which is well known and very useful 
in the special case a > —1; see Aleksandrov ED, Beatrous-Burbea ifTTTl . 
Rochberg 051, and Lemma 2.15 of Zhu ll68Tl . 

Theorem 34. Suppose < p < 1 and a is real. If 

n + l + a 

P = + 

p 

then A p a is continuously contained in A*. 

Proof. Suppose < p < 1 and fix any positive integer b such that b > 
(n + l + a) /p. If / G A p a , then there exists a sequence {c^} G l p C I 1 such 
that 

where {a k } is a certain sequence in B n . For any k > 1 write 

/fcW = (1 -<*,<*»»■ 
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Then 

oo 

ll/lli.^El^K 1 -!^! 2 ) 6 ^ 1 ^!!^!!^- 

k=l 

An easy computation shows that 

where N is the smallest nonnegative integer with N + (3 > — 1 and h is a 
polynomial of degree TV. It follows that 



(l-\z\ 2 ) N \R N f k (z)\dv p (z)<C 



\ 2 ) N+ Pdv(z) 



|1 - (^Ofe' 



where C is a positive constant (independent of k). Estimating the second 
integral above by Proposition [7J we obtain 



/ B _d - WT |fl"AWI «M*) < (1 _ ^^v? . 

where C" is another positive constant independent of fc. This shows that 

oo 

|l,/3 < C'^lCk] < OO, 



fc=l 



completing the proof of the theorem. □ 

The above theorem can also be proved without appealing to atomic de- 
composition. In fact, if k is a sufficiently large positive integer (such that 
hp + a > -1 and k + (3 > -1), then the condition / e A p a , < p < 1, 
implies that R k f £ A p a ,, where a' = kp + a. By Lemma 2.15 of ll68l . we 
have R k fE A\,, where 

(3> = - (n+ 1) = k + ^±i±^ - (n+ 1) = fc + A 

or equivalently, the function (1 — |2;| 2 ) A; i? fc /(2;) belongs to ^(Mn, dvp), that 
is, / e A\. 

Theorem 35. Suppose p > anJ a 15 real. If q and r are positive numbers 
satisfying 

1 _ 1 1 

p q r ' 

then every function f e A£ admits a decomposition 

00 

f( z ) = ^29k(z)h k (z), 

k=l 
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where each is in A q a and each hk is in A r a . Furthermore, if < p < 1, 
then 



^ ^ || 9k || q,a || hf~ || r>a C*|| y ||p jQ ,, 
fc=l 

where C is a positive constant independent of f . 
Proof. Consider the function 

m = (i-l,a)r 

where a e B n and 6 is the constant from Theorem[32l We can write / = gh, 
where 



1 



h(z) 



1 



(l-(z,a))^' '" v ~ y (1- (z,^)^' 
If is a sufficiently large positive integer, then it follows from Proposition!?] 
that 

" f (1 - \z\ 2 f k dv a (z)V /p 
~ U n |l-<z,a>|***) . 

1 i/p 



'1 — |a| 2 ) p6_ ( n+1+a ) 
1 



(1 - |a| 2 ) 6 -( n+1+Q )/p' 
Similar computations show that 

„ „ 1 



9 



and 



It follows that 



q,a (1 - \ a \ 2 )( b P- n - 1 - a )/i 
1 

r,a (X _ \ a \2\(bp-n-l-a)/r' 



\p,a ~ ||5'||g,Qi||"'||r' ) a- 

The desired result then follows from Theorem [32] and the fact that 



1/p 



fc=l 



when < p < 1. See the proof of Corollary 2.33 in [68J as well. 



□ 



When a > —1, the above theorem can be found in Coifman-Rochberg 
2B and Rochberg 03. 
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10. Complex Interpolation 

In this section we determine the complex interpolation space of two gen- 
eralized weighted Bergman spaces. We also determine the complex inter- 
polation space between a weighted Bergman space and a Lipschitz space. 

Throughout this section we let 

S = {z = x + iy G C : < x < 1}, S = {z = x + iy G C : < x < 1}. 

Thus S is an open strip in the complex plane and S is its closure. We denote 
the two boundary lines of S by 

L(S) = {z = x + iyeC:x = 0}, R{S) = {z = x + iy G C : x = 1}. 

The complex method of interpolation is based on Hadamard's three lines 
theorem, which states that if / is a function that is continuous on S, bounded 
on S, and analytic in S, then 

sup \f{z)\ < ( sup \f{z)\f- e { sup \f(z)\f 

Rcz=9 Re ,2=0 Re 2=1 

for any 9 G (0,1). 

Let X and Y be two Banach spaces of holomorphic functions in B n . 
Then X + Y becomes a Banach space with the norm 

\\f\\ x+Y = M(\\g\\ x + \\h\\ Y ), / e X + Y, 

where the infimum is taken over all decompositions f = g + h with g G X 
and h G Y. If 9 G (0, 1), the complex interpolation space [X, Y\o consists 
of holomorphic functions / in M n with the following properties: 

(1) There exists a function £ i— > fa from S into the Banach space X + Y 
that is analytic in S, continuous on S, and bounded on S. 

(2) f e = f. 

(3) The function ( i— > fa is bounded and continuous from L(S) into X. 

(4) The function ( i— > is bounded and continuous from -R(S') into F. 

The space [X, F]# is a Banach space with the following norm: 
\\f\\e = infmax( sup \\fc\\x, sup ||/ f ||y), 

ReC=0 ReC=l 

where the infimum is taken over all fa satisfying conditions (1) through 
(4) above. See Bergh-Lofstrom [14J and Bennett-Sharpley [OJ for more 
information about complex interpolation. 

The complex method of interpolation spaces is functorial in the sense that 

if 

T-.X + Y^X' + Y' 
is a linear operator with the property that T maps X boundedly into X' and 
T maps Y boundedly into Y', then T also maps [X, Y] e boundedly into 

[X', Y']g for each 9 G (0, 1). 
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The most classical example of complex interpolation spaces concerns L p 
spaces (over any measure space). More specifically, if 1 < p < p 1 < oo 
and 

1 _ 1-6 9 

V Po Pi 

for some < 9 < 1, then 

[L P0 ,L Pl ] e = L p 

with equal norms. 

More generally, if w and W\ are weight functions of a measure fi, and if 
1 < Po < Pi < oo, then for any 9 6 (0, 1) we have 

[L P0 (w ),L Pl (w 1 )} () = L p (w) 

with equal norms, provided that 

1 1-9 9 



P Po Pi 

and 

W~p = W Q Pa Wi 1 . 

This is usually referred to as the Stein-Weiss interpolation theorem. See 
Stein- Weiss 1521 . 

Theorem 36. Suppose a and (3 are real. If 1 < p < p\ < oo and 

1 1-9 9 



P Po Pi 

for some 9 £ (0, 1), then 

= *l 

with equivalent norms, where 7 is determined by 

P Po Pi 

Proof. It is clear that 1 < p < 00. We fix a large positive number s such 
that 

p(s + l)>7 + l, p (> + l)>a + l, Pi(s + 1) > P+ 1. (16) 
Then by Corollary [3T1 the integral operator 

g(w) dv s (w) 



Tg(z) UA~t-(zM) n+1+s 

maps L p (M n , dv^) boundedly onto A p ; it maps L Po (M n , dv a ) boundedly 
onto A p ^\ and it maps L Pl (B n , dvp) boundedly onto A P p . It follows from 
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the functorial property of complex interpolation and the Stein-Weiss inter- 
polation theorem that T maps the space 

[L Po (M n , dv a ), L P1 (B„, dv p )] e = L p (M n , dvj 

boundedly into [A%, A Pl ] Since TL P (B„, dv^) = A*, we conclude that 

and the inclusion is continuous. 

On the other hand, if k is a sufficiently large positive integer, the operator 
L defined by 

L(f)(z) = (l-\z\ 2 ) k R k f(z), feH(M n ), 

maps A p ° boundedly into L P0 (M n , dv a ); and it maps A p ^ boundedly into 
L Pl (E n , dvp). By the functorial property of complex interpolation and the 
Stein-Weiss interpolation theorem, the operator L also maps A^ 1 ] 
boundedly into L»»(B n , du 7 ). Equivalently, if / e [A Po ,A pl ] e , then the 
function (1 - \z\ 2 ) k R k f (z) belongs to LP(M n ,dv 7 ), that is, / e A*. We 
conclude that 

\ APO API] r AP 

and the inclusion is continuous. This completes the proof of the theorem. 

□ 

Corollary 37. Suppose a is real, (3 is real, 1 < p < oo, and < 6 < 1. 
Then 

[ AP a,^] e = A P , 

where 7 = a(l — 6) + (36. 

Theorem 38. Suppose a and [3 are real. Ifl < p < 00 and < 6 < 1, 
then 

with equivalent norms, where q = p/(l — 8) and 7 = a — q(36. 
Proof. First we consider the linear operator 

Tfn _ f J(w) dv a+ p(w) 

where s is a fixed and sufficiently large positive number. By Theorem [FT] 
and Theorem |30l the operator T maps L°°(B n ) boundedly onto A^; and it 
maps L p (E n , dva+pp) boundedly onto A p a . Since 

11-0 e 

q p 00 ' 
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it follows that T maps the space 

L q (M n ,dv a+p(3 ) = [L p (M n ,dv a+pP ),L°°(M n )} e 

boundedly into [A^A^L. But according to Theorem l30l again, we have 

TL q (B n , dv a+p p) — A q . So 

and the inclusion is continuous. 

Next we consider the linear operator 

Lf(z) = (l-\z\ 2 ) k ^R k f(z), feH(M n ), 

where k is a fixed and sufficiently large positive integer. The operator L 
maps A p a boundedly into L p (M n , dv a+p p); and it maps boundedly into 
L°°(B n ). Therefore, L also maps [A p a , Kp} e boundedly into L q (M n , dv a+p p), 
that is, / G [A p a , Ap]e implies that the function (1 - \z\ 2 ) k ~ p R k f(z) is in 
L q (E n , dv a+p p), which is the same as the function (1 — \z\ 2 ) k R k f(z) being 
in L q (M n , dv y ), or / G A q . We conclude that 

[A p a ,A,] 9 cA q , 

and the inclusion is continuous. This completes the proof of the theorem. 

□ 

Theorem 39. Suppose a is real, [3 is real, and < 6 < 1. Then 
with equivalent norms, where 7 = a(l — 9) + (3 6. 

Proof. Fix a sufficiently large positive number s. If f G A 7 , there exists a 
function g G L°°(M n ) such that 

f g(w) dv s (w) 

A ) A„(l-^^))" +1+s ^' 

see Theorem \\7\ For any ( G S we define 

f g{w){l - \w\ 2 ) a ^ + ^ dv s {w) 

k[Z) ~ L (l-(z,w)) n+1+s ^ ' 

Let k be a sufficiently large positive integer. Then it follows easily from 
Proposition [7] that the map £ 1— > is a bounded continuous function from 
£ into 

A Q + A^ = A min ( ai/3 ), 

and its restriction to S is analytic. Also, the map ( i-» is a bounded 
continuous function from L(S') into A a , and from R(S) into A^. Since 
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fe — f, we conclude from the definition of complex interpolation that / e 
[A Q , Ap]g. This shows that 

A 7 C [A a ,Ap) e 

and the inclusion is continuous. 

On the other hand, if f £ [A a , Ap] g , then there exists a family of functions 
fa, where ( e S, such that 

(a) ( I— > is a bounded continuous function from S* into A min ( Q , / 3) 
whose restriction to S is analytic. 

(b) C l— * /c is a bounded continuous function from L(S') into A a . 

(c) C | — ► f( is a bounded continuous function from R(S) into A^. 

(d) f e = f- 

Let k be a positive integer with > max(a, /3) and consider the functions 

9< (z) = (1 - I^H^-^-^-^^/c W, zeM n ,(eS. 

By conditions (b) and (c) of the previous paragraph, there exist finite 
positive constants M and Mi such that 

sup \g c {z)\ = M Q) sup |^)|= Mi. (17) 

2eB n ,ceL(5) zeB n ,ceR(5) 

For any fixed point z E B n , it follows from condition (a) of the previous 
paragraph that the function F(Q = g${z) is a bounded continuous function 
on S whose restriction to S is analytic. Moreover, it follows from (fT7l) that 
1^(01 < Mo forC e and |F(C)| < M x for( e R(S). By Hadamard's 
three lines theorem, we must have 

\F(6)\< Mq~ M®, 

or 

(1 - \z\ 2 ) k ^\R k f(z)\ < Ml~ Ml 

Since the constant on the right-hand side is independent of z, we have 
shown that / G A 7 . Therefore, 

[Aa,A/3] fl C A 7 , 

and the inclusion is continuous. This completes the proof of the theorem. 

□ 

11. Reproducing Kernels 

In this section we focus on the Hilbert space case p = 2. We are going 
to obtain a characterization of A 2 a in terms of Taylor coefficients, and we 
are going to define a canonical inner product on A 2 a so that the associated 
reproducing kernel can be calculated in closed form. 
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Reproducing kernels for A 2 a are also calculated in Beatrous-Buebea |fTTfl 
in terms of a certain family of hypergeometric functions. Our approach here 
is different. We wish to write the reproducing kernel of A 2 a as something 
that is as close to (1 — (z, u>))~( n+1+a ) as possible. 

Theorem 40. Suppose a is real and 



m = £ 



m 

Then f G A 2 a if and only if its Taylor coefficients satisfy the condition 



i | , \a m < oo. (18) 



|m|>0 



Proof. Fix a positive integer k such that 2k + a > — 1. If f(z) = J2 m a m z< 
is the Taylor series of / in B n , then 



a m \m\ k z m . 



m|>0 



It follows that the integral 

/*,«(/)= / |c -\z\yR K f(z)r dv a ( z ) 



is equal to 

E Wm\ 2 \m\ 2k j \z m \ 2 {\ - \z\ 2 ) 2k+a dv(z). 

\m\>0 ^ Mn 

By integration in polar coordinates (see 1 .4.3 of Rudin [|46ll or Lemma 1.11 
of Zhu Il68l0 . there exists a constant C > (independent of /) such that 



hAf) = cJ2 



m|>0 





m\ 


2k m\ 


I> + 


m 


| + 2k + a + 1) 



a,. 



|2 



Since n, fc, and a are all constants, an application of Stirling's formula 
shows that 

r(n + |m| + 2A; + a + 1) ~ | m |"+H+2*+«+^ e -H 

as | m | — > oo. We conclude that the integral Ik, a (f) ls finite if an d on ly if 
the condition in ([TBI holds, and the proof of the theorem is complete. □ 



An immediate consequence of the condition in (fT8~l) is that the space A 2 a 
is independent of the integer k used in the definition of A 2 a . Of course, we 
already knew this from Section 3. 
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Theorem 41. Suppose a > — (n + 1). Then A 2 a can be equipped with an 
inner product such that the associated reproducing kernel is given by 

/f °<^>= (i- ( .V^ <l9) 



Proof. It follows from Stirling's formula again that the condition in (TT81) is 
equivalent to 

Em\T{n + l + a) 2 
Yin + m + a + 1 

Now define an inner product on A 2 a as follows: 

m\T(n + l + a) - 
Tin + \m \ + a + 1) 

m v 1 1 ' 

where 



m 



Then A 2 a becomes a separable Hilbert space with the following functions 
forming an orthonormal basis: 



T{n+\m\ + a + l) 
6m[ >~\ m!I> + a + l) 

where m runs over all n-tuples of nonnegative integers. It follows from the 
multinomial formula (OQ) that the reproducing kernel of A 2 a is given by 



K a (z,w) = ^e ra (z)e m (w) 



E 



T(n+ \m\ +a + 1 ) __ m _, 
m! r(n + a + 1) 



^ k\T(n + l + a) ^ ml 

k=0 y ' \m\=k 

ET(n + k + 1 + a) . fe 
fc!r(n + a + l) 

1 



(1 - 

This proves the desired result. □ 
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When a > — 1, the reproducing kernel for A? a is of course well known. 
See Rudin ||46l or Zhu (681 • When a < — 1, the point here is that you need 
to use an appropriate inner product on A 2 a so that its reproducing kernel is 
computable in closed form. 

Theorem 42. Suppose a — — (n + 1). Then A? a can be equipped with an 
inner product such that the associated reproducing kernel is 



1 

1 - (z,w) 



K_ {n+1) (z,w) = 1 + log- j— -. (21) 



Proof. If a = — (n + 1), then Theorem l40l tells us that a holomorphic func- 
tion f(z) = Y,m fl m2 m in Bn belongs to A 2 _ {n+l) if and only if 



Em!e' m ' l2 
i | M _i M <00 > 
H>ol m l H 2 



which, according to Stirling's formula, is equivalent to 



E 

|m|>0 



m - — - \a m \ < oo. 
m ! 



If we define an inner product on A^/ n+1 N by 



(f,g)-(n+i) = /(0)p(0) + V" a m 6 m , (22) 

|m|>0 1 1 



where 



m 

m m 



then A?, n+l -, becomes a separable Hilbert space with the following func- 
tions forming an orthonormal basis: 



1, e m (z) = W— — tZ 





m\ 


I 


m\\ 


m\ 



III 
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where m runs over all n-tuples of nonnegative integers with \m\ > 0. It 
follows from O that the reproducing kernel of A 2 _ is given by 



K_ {n+1) (z,w) = 1 + J2^jz m w m 

\m\>0 





m 


I 




m\ 



^ k *-~t m \ 

k=l \m\=k 



(z,w) 



k 

k=l 

1 + log ■ ' 



k 



1 - (z,w) 

completing the proof of the theorem. □ 

The space A\ n+l -, can be thought of as the high dimensional analog 
of the classical Dirichlet space in the unit disk. It is the unique space of 
holomorphic functions in the unit ball that can be equipped with a semi- 
inner product that is invariant under the action of the automorphism group. 
See Zhu [64]. The formula in Theorem 1421 above also appeared in Peloso 
11431 and Zhu [|64l. 

Theorem 43. Suppose —N < n + 1 + a < —N + 1 for some positive 
integer N. Then for any polynomial 



Q(z,w) = 

\m\<N 

with the property that 

N+1 T(n + \m\ + a + 1) 



Urn. > 



m\ Tin + a + 1) 



we can equip A 2 a with an inner product such that the associated reproducing 
kernel is given by 

K a (z, w) = Q(z, w) + (1 _ ( ( ~^ n+1+Q . (23) 



Proof. By Theorem |40] and Stirling's formula again, a function f(z) 

J2 m a m,z m is in A 2 a if and only if 



E 

H>o 



ml T(n + 1 + a) 



Tin + \m\ + a + 1) 



< oo. 
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If —N < n + 1 + a < -N + 1, it follows from the identity 

T(n + a + l) 1 



r(n + 1 771 1 + a + 1) (n + 1 + a)(n + 2 + a) ■ ■ ■ (n + \m\ + a) 
that for any \m\ > N we have 



r(n + a + l) 



T(n + |m| + a + 1) 



1) 



■ T(n + a + l) 
r(n + |m| + a + 1) 



Therefore, for any positive coefficients c m , where \m\ < N, we can define 
an inner product on A 2 a as follows: 



(f,g)a= ^2 c m a mb m + {-l) N y 



\m\<N 



\m\>N 



ml T(n + a + 1) 
T(n + |m| + a + 1) 



Q"mMm) (24) 



where 



/<*) = £ 



ci m z 



g( z ) = y^ 



Then becomes a separable Hilbert space with the following functions 
forming an orthonormal basis: 

1 „ 



771 < iV, 



and 



e m U 



r(n + |m| + a + 1) 



iV 



m! T(n + a + 1) 



Iml > iV. 



Using the mutinomial formula (OQh we find that the corresponding reproduc- 
ing kernel for A 2 a is given by 



K a (z,w) 



e m (z)e m (w) + y e m (z)e m (w) 

\m\<N \m\>N 

y ±z-ur + (-if y nn+H+a+i) 

^ c m v ' ^ ml T(n + a + 1) 

\m\<N m \m\>N 

(-1)" 



\m\<N 



(1 - 



where 



1 



:-i) 



A' 



r(n + \m\ + a + 1) 



c m ml r(n + a + 1) 

This completes the proof of the theorem. 



>(-l) 



N+l 



T(n + \m\ + a + 1) 
m! r(n + a + 1) 



□ 
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The appearance of the sign (— 1)^ in (l23l) is a little peculiar; we do not 
know if there is any simple explanation for it. We also note in passing that 
the reproducing kernel given by (|23T) is bounded. 

It remains for us to consider the case in which n + 1 + a = —N is a 
negative integer. The principal part of the reproducing kernel in this case 
will be shown to be the function 

Thus for every positive integer N we consider the function 

= l)* tog -J_, zeB. 

1 — z 

It is clear that each /jy is analytic in the unit disk D and 

f N+1 (z) = (N + l)f N (z)-(z-l) N . 

In particular, 

f$}\z) = (N + l)f$\z), k>N. 

It follows from this and induction that f^(0) > for all k > N. Also 
observe that the iVth derivative of /jv is — log(l — z) plus a polynomial, so 
the Taylor coefficients of /n has the property that 

A fc) (Q) i 

k\ k N + 1 

as k — > oo. 

Theorem 44. Suppose n + 1 + a = —N for some positive integer N and 



1 oo 

(*-l)"lo gT ^- = 5> 



l-z ^ 

k=0 



Then for any polynomial 



Q(z,w) = ^z m w m 



with the property that 

UJ m > 



\m\<N 



\m\\ A\ m \ 



ml 

12 



we can equip A a with an inner product such that the associated reproducing 
kernel is 

K a {z, w) = Q{z, w) + ((z, w) - If log ) -. (25) 

1 - {z,w) 
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Proof. It follows from (fT8l) and Stirling's formula that a function f(z) 
J2 m a mZ m belongs to A 2 a if and only if 



E 

rn 

which is equivalent to 



m + | — rr a m < oo, 
m ! 



E 

|m|>AT 



m! . ,o 

a m < oo. 



ml! A 



If c m > for \m\ < N, we can define an inner product on A 2 a as follows: 



(f,9)a= 53 

(26) 

|m|<JV H>JV 1 1 11 



where 



/(*) = 53 flm2;m ' S"( z ) = 53 &m 

m m 



Z m . 



Then A 2 a becomes a separable Hilbert space and the following functions 
form an orthonormal basis: 

e m {z) = -^z m , \m\<N, 

and 



',„(■:) = | m | >iV . 
m! 



The associated reproducing kernel for A 2 a is given by 

K a (z,w) = E e m(z)e m (w) + 53 e m (z)e m ( 



W) 

|m|<iV \m\>N 

c m ml 

\rn\<N \m\>N 

oo 



y (-- M^h^j y A y w 

mi ; Z_ ,„, 

oo 

53 u^ur + y^A^w) 

\m\<N k=0 

Q(z,w) + ((z,w)-lf\o 



% c m ml J * — ' — ' mi 

\m\<N x 7 fc=0 \m\=k 



1 - (z,w) 
where the coefficients of 

q(z,w) = 53 



* m 

\m\<N 



u m z m vT 
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satisfy 

1 |m|!A H |m|!A| m | 

&m — j > j • 

c m ml ml 
This completes the proof of the theorem. □ 

Once again, the reproducing kernel in (T25l) is bounded on B n x B n . Also 
notice that we can rewrite the kernel in ([25]) as 

1 



K a (z,w) = Q(z,w) + (-!)"(! - (z,w)) N \o. 



1 - (z,w) 

which is probably a partial explanation for the sign (— 1)^ in (|23T) . 

It is clear that the reproducing kernel of a Hilbert space of holomorphic 
functions depends on the inner product used for the space. We close this 
section by examining the reproducing kernel of A 2 a that corresponds to the 
following natural inner product which we have used in section 7: 



(/, 9)a = f (0)9(0) + / R k f(z)R k g(z) dv 2k+a (z), 

where k is any nonnegative integer with 2k + a > — 1. This inner product 
gives rise to the norm 

||/lk«= fl/(0)| 2 + / \R k f(z)\ 2 dv 2k+a (z)) 1/2 

for / G A 2 a . For this inner product we can show that the corresponding 
reproducing kernel for A 2 a is 

K(z) = K a (z, w) = l + R~ 2k ( {1 _ {z J ))n+l+a+2k 
The result is a simple consequence of the identity, 

f(0)W)+ I R k f(z)R~ k g(z)dv 2k+a (z)= [ f(z)gjz)dv 2k+a (z), 



which can easily be proved by the use of Taylor expansions. We leave the 
details to the interested reader. 

12. Carleson Type Measures 

The purpose of this section is to study Carleson type measures for the 
Bergman spaces A p a . Unlike most other sections of the paper, the results 
here depend very much on the various parameters. 

The notion of Carleson measures was of course introduced by Carleson 
lfT5l[[T6ll for the unit disk. Carleson's original definition works well in the 
theory of Hardy spaces, and this can easily be seen in such classics as Duren 
l|23l and Garnett [26]. The characterization of Carleson measures for the 
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Hardy spaces of the unit ball can be found in Hormander [|32l and Power 



Later, the notion of Carleson measures was extended to the context of 
Bergman spaces. Earlier papers in this direction include Cima-Wogen EUll . 
Hastings OTTl . Luecking 11371 . Zhu ll63l . Also, Carleson type measures have 
been studied for holomorphic Besov spaces (of which the Dirichlet space 
is a special case); see Arcozzi-Rochberg-Sawyer [7], Kaptanoglu [35], Ste- 
genga [IBTTl , and Wu [58]. In particular, our results of this section contain 
several special cases that have been known before. 

For any ( G S n and r > let 



These are the high dimensional analogues of Carleson squares in the unit 
disk. They are also called nonisotropic metric balls. See Rudin ll46ll or Zhu 
ll68ll for more information about the geometry of these nonisotropic balls. 

Theorem 45. Suppose n + 1 + a > and p, is a positive Borel measure on 
B n . Then the following conditions are equivalent. 

(a) There exists a constant C > such that 



for all z G B n . 

(c) For some s > there exists a constant C > such that the inequal- 
ity in rf2ffl) holds for all z G B n . 

Proof. It is obvious that condition (b) implies (c). 

Now assume that condition (c) holds, that is, there exist positive constants 
s and C such that the inequality in (|28l ) holds. If ( 6 S n and r G (0, 1), then 



ii. 



Q r (() = {zeM n :\l-(z,C)\<r}. 




(27) 




(28) 




(29) 



for all z G B n . If we choose z = (1 — r)(, then 

1- (z,w) = (l-r)(l- ((,w)) + r 



for all w G B n , so 



1 — (z, w) | < (1 — r)r + r < 2r 
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for all w G Q r ((), which gives 



for all w G Q r (0- Combining this with (|29l ), we conclude that 

/i{Qr(0) < T +1+a+s Cr n+1+a 

for all ( G §„ and all r G (0, 1). The case r > 1 can be disposed of very 
easily. This proves that condition (c) implies (a). 

Next assume that condition (a) holds. In particular, /x is a finite measure, 

so 

/• (1 - \z\ 2 ) s du(w) 



| 2 |<Wb„ |l-(z,w)| n+1+Q+fl 

for each s > 0. We fix an arbitrary positive number s and proceed to show 
that the inequality in ([28]) must hold for 3/4 < \z\ < 1. 

Fix some point z G B n with 3/4 < |z| < 1 and choose £ = z/|z|. For 
any nonnegative integer fc let = 2 fc+1 (l — |z|). We decompose the unit 
ball B n into the disjoint union of the following sets: 

E = Q, (C), E k = Q rk (C) - Qr^AO, 1 < k < oo. 
By condition (a), we have 

for all k > 0. On the other hand, if k > 1 and w £ E k , then 

|l-(z,™}| = |(l-|z|) + |z|(l-(C,«;})| 

> |z||l-(C,«;)|-(l-|z|) 

> (3/4)2 fe (l - H) " (1 " M) 

> 2^(1 -|z|). 

This holds for k = as well, because 

|l-(*,w)|>l- |*| > 
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It follows that 



(1 - \z\ 2 ) S dfi{w) r (1 - \z\ 2 ) S dn{ W ) 

1 1 - (z, w) \ n + 1 + a + s ~ i^ Q JE k 1 1 - fa W) \ n+1+a+s 



< 



< 



;i - \z\ 2 ) s Ke, 



(2 k ~ 1 (l - \z\)) n+1 + a + s 

2s+(k+l)(n+l+a) _ | 2 Qn+l+a+s^ 



oo 

E 

fc=0 
oo 

OiA-l !( »-!-!-. >+.«)< | _ I - I \// + J-m+> 
fc=0 v 1 lJ 

oo . 

= C'y rr < OO, 

fc=0 v y 

where C" is a positive constant independent of z. This completes the proof 
of the theorem. □ 

Our results are most complete when < p < 1. The following result 
settles the case n + 1 + a > 0, and Proposition [49] deals with the cases 
n + 1 + a < 0. 

Theorem 46. Suppose a > — (n + 1), < p < 1, and // w a positive Borel 
measure on B n . TTzen the following two conditions are equivalent. 

(a) 77zere exists a constant C > swc/i f/zaf 

|/H| p d/iH<C7||/||^ (30) 

forallfeAl. 

(b) TTzere ex/sts a constant C > smc/j ?/za? 

MQr(C)) < (3D 

/or a// £ G §„ and all r G (0, 1). 
Proof. First assume that condition (a) holds. We consider the function 

where s is positive and z G B n . If k is the smallest nonnegative integer such 
that kp + a > — 1, then an elementary calculation shows that 

fffcf /,.A = Q((w,z)) 

J 1 ^ (1 - ^ ;i2 ))fc+(n+l+a+s)/p' 

where Q is a polynomial of degree k. It follows from Proposition [7] that 
there exists a constant C > (independent of z) such that 

|(1 - \w\ 2 ) k R k f(w)\ P dv a (w) < _° 
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for all z G B n . Combining this with condition (a), we conclude that 

:i-i^i 2 r^H ^ c 

. - (z, w )\ n+1+a+s ~ 

for all z G B n , which, according to Theorem l45l is equivalent to condition 
(b). 

Next assume that condition (b) holds. Then condition (b) of Theorem H31 
holds. We proceed to prove the inequality in (|30l ). 

Given / G A p a , we use the atomic decomposition for A p a (see Theo- 
rem [32]) to write 

„ , f I 1 - kl a ) MM - 1+0,)/ ' 

/(2)= S Ci a-<^»> ■ 

where 6 is a sufficiently large positive number and 

oo 

Elcfcl^CH/ll^ 

fe=l 

for some positive constant C independent of /. Since < p < 1, we have 

x '1 — |aJ 2 ) p6 ~(" +1+Q! ) 



i/(*)i p <5>*^ 
fc=i 

and so 

dji{z) 



2\pb-(n+l+a) 



|1 - (z,a fc )| p6 ' 



fc=i 

Apply condition (b) of Theorem |45l to the last integral above. We obtain a 
constant C > (independent of /) such that 



p 

p,a' 



/ \f{z)\vdii{z)<C>Y,\ck\ p <CC'\ 

This completes the proof of the theorem. □ 

Corollary 47. If a > — 1 and p > 0, then the following two conditions are 
equivalent for a positive Borel measure ji on M n . 
(a) There exists a constant C > such that 

\f(z)\ p dii(z) < C [ \f{z)\*dv a {z) 



for all f GAP. 
(b) There exists a constant C > such that 

KQr(0) < Cr n+1+a 
for all r > and ( G E> n . 
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Proof. That (a) implies (b) follows from the first part of the proof of Theo- 
rem [46] Theorem [46] also tells us that (b) implies (a) when < p < 1. 

Now assume that condition (b) holds and / E A p a for some p > 1. Then 
the function g = f N belongs to A q a , where N is any positive integer and 
q = p/N. We choose iV large enough so that < q < 1. Then 



\g(z)\*dn(z)<C / \g(z)\«dv a (z), 
where C is a positive constant independent of g. This is the same as 

\f(z)\ p dfi(z)<C j \f(z)\ p dv a (z), 

and the corollary is proved. □ 

Let (3(z, w) be the distance between z and w in the Bergman metric of 
B n . For any R > and a E M n we write 

D(a, R) = {z E M n : f3{z, a) < R}. 

When a > — 1, the condition 

KQAO) < Cr n+1+a , r>0,CG§ n , 

is equivalent to the condition 

/i(D(a, R)) < C R (1 - |a| 2 ) n+1+a , a E M n . 

See Lemma 5.23 and Corollary 5.24 of [68] (Note that the definition of 
Qr(C) m [68] is different from its definition in this paper). It can be shown 
that these two conditions are no longer equivalent when a < — 1. In fact, if 
/ is a function in the Bloch space that is not in BMOA, then the measure 



satisfies 



and 



dfi(z) = \Rf(z)\\l - \z\ 2 )dv(z 



KQriO) 
sup = oo 



y(D(a,R)) , 



1 



Recall that the Hardy space H p , where < p < oo, consists of holomor- 
phic functions / in B n such that 



sup / |/K)| p Ax(C)<oo, 

'<r<l Js„. 



V 

P 0<r<l Js n 
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where da is the normalized surface area measure on S n . It is well known 
that every function / e H p has a finite radial limit at almost every point on 
§ n . If we write 

/(C) = lim /«), C e Sn, 

then we actually have 

' l/(OWC)- 



It is known that the following two conditions are equivalent for a positive 
Borel measure fi on B n ; see Hormander ll32ll . Power [44], or Zhu [|68l . 

(a) There exists a constant C > such that 

\f(z)\ p dfx(z)<c f \f(C)\ p M0 



for all / E H p . 
(b) There exists a constant (7 > such that 

KQriO) < Cr n 
for all r > and ( e S„. 

Corollary 48. Suppose a = —1, < p < 2, and ji is a positive Borel 
measure on B n . T/ien the following two conditions are equivalent. 

(a) There exists a constant C > sac/* f/zaf 

i/(*)i p ^)<cimiL 

(b) There exists a constant C > swc/j f/za? 

KOr(C)) < ^ 

for all r > an J £ e § n - 

Proof. That (a) implies (b) follows from the first part of the proof of Theo- 
rem |46j 

To show that condition (b) implies (a), we notice that A 2 _ 1 = H 2 , so 
the case p = 2 follows from the characterization of Carleson measures for 
Hardy spaces. The case < p < 1 follows from Theorem [46] The case of 
1 < p < 2 then follows from complex interpolation. □ 

Proposition 49. Let fibe a positive Borel measure on B n . Ifn + l + a < 

and < p < oo, or Z/n + 1 + a = and < p < 1, f/ien the following two 
conditions are equivalent. 
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(a) There exists a constant C > such that 

\f(z)\ p df,(z)<C\\f\\l a 

for all f GAP. 

(b) The measure \x is finite. 

Proof. Since A p a contains all constant functions, it is clear that condition (a) 
implies (b). 

On the other hand, if fx is a finite positive Borel measure, it follows from 
Theorems [2TI and 1221 that A p a is contained in L p (M n , dff). By the closed 
graph theorem, A p a is continuously contained in L p (M n , dp), so there exists 
a positive constant C > such that 

\f\ p d^<c\\f\\ p ia 

for all / G A p a . □ 
As far as the condition 

\f{z)\*dp(z)<C\\n% feA p a , 

is concerned, the most difficult case is probably when a = — (n + 1) and 
1 < p < oo. This case is considered in Arcozzi-Rochberg-Sawyer 
and complete results are obtained in the range 1 <p<2 + l/(n — 1). 
Earlier results dealing with the Besov spaces include Arcozzi Q, Arcozzi- 
Rochberg-Sawyer [H, Stegenga H5TH. and Wu H58l 

Theorem 50. Suppose < p < q < oo, a is real, and \x is a positive Borel 
measure on B n . Then for any nonnegative integer k with a + kp > —1 the 
following conditions are equivalent. 

(a) There is a contant C > such that 



\R k f(w)\«dLi(w)<C\\f\\« 



forallfeA p . 

(b) For each (or some) s > there is a constant C > such that 



f (1 - \z\ 2 ) s 

J M \l-(z,w)\s+(n+l+*+kp) q / P d ^ W ) ^ C 



for all z G B n . 
(c) There is a constant C > such that 

MQr(O) < Cr (n+1+a+kp)q/p 

for all r > and ( G (0, 1). 
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(d) For each (or some) R > there exists a constant C > such that 



fj,(D{a,R)) < C(l - \a 
for all a G B ra . 



2\(n+l+a+kp)q/p 



Proof. First suppose (a) holds. Applying (a) to the functions fk(z) = z&, 
1 < k < n, we see that \i is a finite measure. For a fixed zGl„ let 

. . , (i- kl 2 ) 5/g 

and let f z (w) be an analytic function on B n such that 

R k f z (w) = h z (w)-h z (0), 

where 

h z (0) = (1 - |z| 2 )'/* < 1. 
It follows from Proposition[7]that 

SUP \\fz\\p,a < C. 

Applying (a) to f z yields 

\h z {w) - h z (0)\ q dfi{w) < C. 



It follows from the elementary inequality 

\h z (w)\«<2«(\h z (w)-h z (0)\' 1 + \h z (0)\'*) 

that 

\h z {w)\«d f x(w)<2«{C + tJ l (B n )), 



which gives us (b). 

Next assume that (b) holds. Recall that D(z,r) is the Bergman metric 
ball at z with radius R. By Lemmas 2.24 and 2.20 of [68 j, we have 

l*V(*)l p ^ a _ u P L^ / I^HNW™) 

\ x 1^1 I J D(z,r) 

f \R k f(w)\ p (l-\w\ 2 ) sp / q+kp 
~ J DM \l-(w,z)\^^ kp dMw) 



< C 

where 



(1 - \w\ 2 ) sp / q d\{w) 

|1 — (z, w) \ s P/l+ n + 1 + a + k P'' 



d\{w) = \R k f(w)\ p (l - \w\ 2 ) kp dv a {w) 
is a finite measure on B n whenever / G A p a . In fact, A(B„) < C||/||£ a for 
some constant independent of /. 
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If p = q, an application of Fubini's theorem to the estimate in the pre- 
vious paragraph shows that (b) implies (a). If p < q, we write p' = q/p 
and 1/p' + 1/q' = 1, and apply Holder's inequality to the estimate in the 
previous paragraph. The result is 



\R k f(z)\ p < C 
It follows that 



\w\ 2 ) s d\(w) lW 



[A(B n )] 



l/q' 



|i? fe /(z)|^<C(A(B„)) 



I — l Z-i w \\s+(n+l+a+kp)q/p 

< f (1 - \w\ 2 ) s d\(w 



(z, w) \s+{n+X+a+kp)q/p ' 



We now integrate against the measure dfi, apply Fubini's theorem, and use 
condition (b) to obtain 



itf/wr^w<c(A(B n )) i+ 7 

Since A(B„) < ( \\f\\p >a , we get 

\R k f(z)\^dfi(z)<C\\f\\l a . 



This shows that (b) implies (a). 

The equivalence of (b) and (c) has already been proved in Theorem [ 
Since 

(n + 1 + a + kp)q/p >n + l + a + kp>n, 

the equivalence of (c) and (d) follows from the remarks after Corollary |47] 
This completes the proof of the theorem. □ 

A similar result can be obtained in terms of fractional radial differential 
operators R s,t instead of R k above. We omit the details. 

Once a certain result concerning Carleson measures is established, it is 
then relatively easy to formulate and prove its little oh version. For example, 
with the same assumptions in Theorem [501 we can show that the following 
four conditions are equivalent. 

(a) If {fj} is a bounded sequence in A p a and fj(z) — > for every z 6 
M n , then 

lim / \R k fj(z)\ q dp:{z) = 0. 

(b) For every (or some) s > we have 

(1 - \z\ 2 ) s dfi(w) 



lim 



-M- V \l-(z,w)\ s +( 



n+l+a+kp)q I p 
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(c) The limit 

KQriO) 



lim 



0+ r (n+l+a+kp)q/p 

holds uniformly for ( e§„. 
(d) For every (or some) R > we have 

Hm p(D(a,R)) 



|o|-»i- (1 - \a\ 2 )( n + 1+a + k P)i/p 

The interested reader should have no trouble filling in the details. 

As our next theorem shows, the assumption that p < q is essential for 
Theorem [501 To deal with the case p > g, we associate two functions to any 
positive Borel measure p on B n . More specifically, for any real 7 and s we 
define 

r, / w s f (1 — \z\ 2 ) s dii(w) m 
B s Jp)(z) = ^ JJ-4— gi-j- z G B n , 

and for any real 7 and positive i? we define 

^ , , u(D(z,R)) 

^) = (1 _ |,| 2) n + i +7 ^ * e »». 

If = dv^(z), we use the convention that 

B s ^(h)(z) = B SjJ (p), h Ra (z) = fiR,j(z). 

It is clear that B sa (p)(z) and /2r i7 (z) are certain averages of p near the 
point z. The function B sa (p) is sometimes called a Berezin transform of p. 

Lemma 51. Suppose p is a positive Borel measure on B n . 7^7 z'5 rea/, 
p > 0, and i? > 0, f/zen f/zere ex/sto a positive constant C such that 

g(z)\ p dp(z)<C I \g(z)\Pp Rr( (z)dv y (z) 
for all holomorphic functions g in B n . 

Proof. It follows from Lemma 2.20 and Corollary 2.21 of If6*8l that 



BERGMAN SPACES 57 

for w G D(z,R). We use Lemma 2.24 of [68J and Fubini's theorem to 
obtain 

\g{z)\*dv(z) < cj d f"\ n+1 [ \9(w)\ p dv(w) 
Jm n \ L ~ \ z \ ) Jd( z ,r) 



< C 2 / dp{z 



\g(w)\ p dv^(w) 
D {z ,R) (1-M 2 ) n+1+7 

Jb„ U \ w \ ) ' Jd{w,r) 
= C 3 \g(w)\ p p R)1 (w)dv^(w), 

which proves the desired estimate. □ 

Lemma 52. Let p be a positive Borel measure on B n . If 7 is real, s is 
real, and R > 0, then there exists a constant C > such that B sa (p) < 
CB s>1 (p Rn ). 

Proof. For w G B n , apply Lemma [5T1 to the function 

(i-ki 2 r 

^ (1- (z,w))"+ 1+s 
with p = 1. The desired result follows. □ 

Lemma 53. Le? fi be a positive Borel measure on B n . 7f 7 an J s are rea/ 
and i? Z5 positive, then there exists a positive constant C such that p, R 7 < 
CB., 7 (//). 

Proof. Once again, we have 

1 — |z| 2 ~ 1 — I W | 2 ~ |1 — (/Z, w)| 

for w G D(z,R). It follows that 

p(D(z,R)) 



(1 - |^| 2 )"+ 1+ ^ 
< C7 



(1-1 


z\ 


2 ) s dn{w) 


|1 - (z,w)\ 


rt+l+s+7 



<D(z,R) 

< CB s>7 (p)(z), 

proving the desired estimate. □ 

Theorem 54. Let < q < p < 00 and a be any real number, and let fi be 
a positive Borel measure on B n . Then for any nonnegative integer k with 
a + kp > — 1 the following conditions are equivalent. 
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(a) There is a constant C > such that 

\R k f(w)\ q d^w)<C\\f\\ 



for all f GAP. 

(b) For any bounded sequence {fj} in A v a with fj(z) — > for every 

z G B n , 



lim I \R k fAw)\ q d^{w) = 0. 



(c) For any fixed r > the function /2 r 7 is in L?/<P-ti(M n ,dv y ), where 
7 = a + kp. 

(d) For any fixed s > the function S S)7 (/i) w m L p ^ p_9 ^(B n , <it> 7 ), 
where 7 = a + fcp. 

Proof. Let s > satisfy s + a + A;g > —1. It follows from Lemmas 2.24 
and 2.20 of HI that 

C 



|i27(z)|« < 



'\ — \ z \2\n+l+s+a+kq 



< c 



c 



D(z,r) 

R k f(w)\ q (l - \w\ 2 ) s+kq 



D(z,r) 



II - (™ z\|n+l+s+a+ftq 



R k f(w)\ q dv s+a+kg (w) 
dv a (w) 



\R k f(w)\ q (l - \w\ 2 ) s+kq . . , , , 

— : — , n+1+ , +a+feg xdwM 



j n ii-(^^)r 

where Xe( 2 ) denotes the characteristic function of a set E. Integrate with 
respect to d\i, apply Fubini's theorem, and use Lemma 2.20 of (681 • We see 
that the integral 

f \R k f(z)\ q df,(z) 

is dominated by 

; ^ D 1 W ^}^ \R h f(w)\ q (l - \w\ 2 ) kq dv a (w). 

\ _ \yj \2\n+l+a+kq 1 J\ /\ \ 11/ a\ j 

If condition (c) holds, then an application of Holder's inequality yields 



\R k f\ q dfi < C\\f\\ q )a 

= c\\f\\ q Pia 
< c\\f\\i Q 

This proves that (c) implies (a) 



H(D{w,r)) \p-i 



(I — \ w \2\n+l+a+kq 

fi(D(w,r)) 

(1 — \w\ 2 ) n+l+a+k P 



dV r 



l-i 

V 



dv, 



a+kp 



1—2 
v 
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Since 1 — \z\ ~ 1 — \w\ for z E -D(u>, r) (see Lemma 2.20 of Il68l0 . there 
exists a constant 5 > such that 



rl ^ 7 — P|2 < 6 
1 — \w\ z 

for all z E -D(w, r). For < t < 1 let 

i ( = {z G B n : 1 - |z| 2 < t}. 

Then the conditions z E A t and w E D(z, r) imply that w E Ag t - 

Let {fj} be a bounded sequence in A p a with — > for every z e B n . 
Then a normal family argument shows that fj(z) — > uniformly on every 
compact subset of B n . Using the estimate from the first paragraph of this 
proof together with Fubini's theorem, we see that the integral 



is dominated by 



|it^(z)N//(z) 

At 



\m t f j (w)\*{i-\w\ 2 y +k *dv a {w) 



XD(w,r) dn(z) 



\l-(z,w)\ 



n+l+s+a+kq ' 



According to the previous paragraph, 

XA t nD(w,r)(z) =0, z E 

unless w E A$ t . It follows that the integral 

\R k fj(z)\Ui,(z) 



"n ■ 



At 



is dominated by 



|it: fe /iHI 9 (i-kl 2 ) s+fc9 ^W / XD^d^z) 

117 V ' J At |1 - (Z,w)\ n+ l+"+a+ kq 

Since \1 — (z,w) \ is comparable to 1 — \ w\ 2 whenever z E D(w, r), we get 

£ \R k fj \«d» < c JT ^^^ Fq \R k f j (wni - \ w \r«dv a . 

By Holder's inequlity, 



'At 

If the function 



A St 



n(D{w,r)) V 

(1 _ | w |2^n+l+a+A;p ) 



dv, 



a+kp 



1-2 



(1 _ j^p^n+l+Q+fcp 
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is in L p ^ p ~ q \M n: dv a+kp ), then for any given e > there isat G (0,1) such 
that 



'1 _ \ w \2\n+l+a+kp 

Thus for such t, 



/ \R k f,(z)\ q d^z)<Ce. 



Since B n \ A t is a compact subset of B n and fj — > uniformly on every 
compact subset of B n , we have 



lim / \R k fj(z)\ q dfx(z) = 0. 
J-* 00 Jm n \At 



Combining this with an earlier estimate we get 

lim sup f \R k fj(z)\ q dii(z) < Ce. 

Since e is arbitrary, we must have 

lim / \R k fJz)\ q dfi(z) = 0. 

This shows that (c) implies (b) as well. 

The proof of that (b) implies (a) is standard. In fact, if (a) is not true, then 
there is a sequence {fj} in A p a such that < 1 and 

lim / \R k fj(w)\ q dft{w) = oo. (32) 



Since < 1, {fj} is uniformly bounded on compact subsets of B„. 

By Montel's Theorem, there is a subsequence of {fj}, which we still denote 
by {fj}, that converges uniformly on compact subsets of B n to a holomor- 
phic function / in B n . It follows from Fatou's lemma that / G A v a with 
11/IUa < 1- In particular, 

||/ J -/|| P , Q <max(2,2 1 /P) 

and fj — f—*0 uniformly on compact subsets of B„. If condition (b) holds, 
then 

lim / \R k fj{w) - R k f(w)\ q dfi(w) = 0, 
which contradicts (T321 . This shows that (b) implies (a). 
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To prove that (a) implies (c), we follow the proof of Theorem 1 in Lueck- 
ing lT3~8i Let {a,-} be the sequence of points in M n from Theorem 2.30 in 
[|68l . Let b be a real number such that 

i i i ^ l + a 

o > iimax 1, 



P J P 
Let 

(1 _ \ a A2\b-(n+l+a)/p n _ | fl ]2\(b+k)-(n+l+a+kp)/p 

Let {cj} E V. Then by Theorem 2.30 of [68J, we have 

oo 



Let 



and 



h j (z)=R- k (g j (z)-g j {0)) 



Then 



3=1 3=1 

It is clear that R k f e A p a+kp , and so / G A p a . Moreover, 



3=1 

where C is a positive constant independent of /. If condition (a) holds, then 

. / oo \ l/P 

/ \R k f(zWdfi(z)<C\\f\\l !a <C[J2\c3\ P 
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Therefore, 



< 2 q 



dfx 



3=1 3=1 



< 2 q \R k f{z)\ q dfi{z) + 2 q 

q/p 



d\i + 



3=1 

q/p 



dfjL 



En- 

d=i 



Let r,-(£) be a sequence of Rademacher functions (see page 336 of Luecking 
[38]). If we replace Cj by Vj(t)cj, the above inequality is still true, so 



^r 3 (t)c jgj (z) 

3=1 



oo \ l/P 

dfi(z) <C [J2\ Cj \ p 
d=i 



Integrating with respect to t from to 1, applying Fubini's theorem, and 
invoking Khinchine's inequality (see Luecking Il38l0 . we obtain 



I , ,9/2 / oo \ q/p 

Aq J M (£M a toi(*)l 2 ) W<c(E 



c 



where v4 p is the constant that appears in Khinchine's inequality. The rest of 
the proof is exactly the same as the one in Luecking |[38l . 

The condition in (d) first appeared in Choe-Koo-Yi [fT9l , where it was 
used for the embedding of harmonic Bergman spaces into L q (dfi). Our 
proof of the equivalence of (c) and (d) follows the method in [fT9l . In fact, if 
fir^ is in L p ^ p ~ q) (B n , dv 7 ), then an application of Proposition [8] shows that 
the function B srf (j2 rr/ ) is also in L p '^ p ' q >(M n , dv y ). By Lemma l52l we must 
have B a>7 (jj,) Gi*^(B„, dvj. This proves that (c) implies (d). That (d) 
implies (c) is a direct consequence of Lemma [531 The proof of the theorem 
is now complete. □ 
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13. Coefficient Multipliers 

Recall from Theorem [T2l that for t — (a — (5) /p, the operator R s t maps 
A p a boundedly onto A p . In terms of Taylor coefficients, we have 



where 



m""m A 

m / m 



T(n + 1 + s + t)T(n + 1 + 


\m\ 


+ *) 


T(n + 1 + s)T(n + 1 + 


m\ 


+ 8 + t) 



Therefore, the operator R s>t is just a coefficient multiplier on holomorphic 
functions in B n . When a and (3 are real, an application of Stirling's formula 
shows that 

1 

C m ~ 1 17 

Imp 

as \m\ — > oo. We are going to show that this result still holds if we re- 
place the multiplier sequence {c m } above by the more explicit multiplier 
sequence {\m\^~ a ^ p }. A similar result will be proved for the generalized 
Lipschitz spaces A a . 

We introduce two methods, one based on complex interpolation and the 
other based on atomic decomposition. 

Lemma 55. Suppose t is complex and k is a postive integer large enough 
so that k + Re t > 0. There exists a constant c such that 

-l / 1 \ t+fc-i 



Jo v J M>o 



-t r 

m a m z 



for all holomorphic 



/(*) = 



z m 



*"m 
m 

in B„. 

Proof. Fix 2 G B n . We want to evaluate the integral 

!(/,*) = jf R k f(rz) flog -J - 
in terms of the Taylor expansion of /. If /(#) = £] m a m z m , then 



\m\ k a m z T ' 



|m|>0 

SO 



I(f,z)= V |m| fc a m z m / rH-Mlog- dr. 
|m|>o ^ \ r ^ 
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Making the change of variables r = e~ s , we obtain 



I(f,z) = H ka mZ m / e-HV^- 1 ds. 



H>o 

Let u = \m\s. Then 

= c ^2 \ m \~ ta m Z 

\rn\>0 

where 

/■oo 

c = e~ u u t+k - x du. 
Jo 



m 



□ 



Given any real a and j3, we are going to fix a sufficiently large positive 
integer k and consider operators on H(B n ) of the following form: 

rl / 1 \ (a-/3)(l-C)+fc-l . 

T c /(*) = jf i2*/(rz) (bg - 



r 



where < ReC < 1. 

Lemma 56. If Re ( = 0, ?/ze operator maps A\ boundedly into Ap. 
Proof. Let iV be a sufficiently large positive integer. We have 

rl / 1 \ (a-/9)(l-C)+fc-l j r 

If Re C = 0, it follows from Fubini's theorem that the integral 

1=1 \R N T c f{z)\{l-\z\ 2 ) N+p dv{z) 



does not exceed 

fl / i \ a-p+k-l 



/ i og A ^ / i^+vmki-i^i 2 )^^). 

V r J r JM n 



Let u> = rz in the inner integral. Then I does not exceed the integral 

,1 / lX c*-/M-fc-l i r / L.,|2\ 



dv(w). 



\w\<r 

Since 

\w\ 2 



<l-\w\ 



for all \w\ < r, we have 

-1 / 1 \ a-p+k-l 



rl f *\ a-p+k-l , , 

I< logi \R N+k f(w)\(l-\w\Y^dv(w 

J0 \ r J r J\w\<r 
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We interchange the order of integration and obtain 



J M r 



\R N+k f(w)\(l- \w\ 2 ) N+ ? dv{w) f (log 

J\w\ V 



1 / n a-/3+fc-l dr 



l\w\ 

It is easy to see that there exists a constant C > such that 

i / X x «-*-*-! d 



for all to e B„, so 



r 



(1-1 








\w 


2n 



/ < C ! \R N+k f(w)\(l 



\w\ 2 ) 



2n ' 



\W\ 



Since \R N+k f(w)\ < C\w\ near the origin and 

dv(w) 



\w 



2n-l 



< OO 



by polar coordinates, we can find another constant C > 0, independent of 
/, such that 



<C ( \R N+l 

J M n 



f(w)\(l-\w\ 2 ) N+k dv a (w). 



This completes the proof of the lemma. □ 
Lemma 57. IfRe( = 1, the operator is bounded on the Bloch space B. 

Proof. We have 

(a-/J)(l-C)+fc-l dr 



RT c f(z)= j\ k+1 f{rz) (log J 



r r 



If Re C = 1 and / e B, then 



r 1 ( 1 \ k ~ l dr 

\RT c f(z)\ < J \R k ^f(rz)\ [log- j - 

< C J\l-r 2 \z\ 2 )~ {h+1) 1 dr 

< C'{l-\z\ 2 )-\ 

where C and C are positive constants independent of z. This shows that 
T^f is in the Bloch space. □ 
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Lemma 58. Suppose s > —1, t is a positive integer, and 

f 1 (l-x) s dx 

There exists a polynomial p(z) such that 

1 - zr 



Proof. We compute the integral with the help of Taylor expansion. 



Since 



we have 



i 



x k {l - x) s dx 



v{k + i)r(s + 1) 



T{k + s + 2) ' 
s + 1 ^T(s + t + l)T(k + s + 2) 

1 oo 

f i ^ 



. . .T(s + 2)T(k + s + t + l) k 
Hz) = > — ) ' K J -z k 



z 

S ', '.. 

k=0 

1 -R^ 1 1 



8+1 1 - Z 

Since t is a positive integer, the operator _R s ' t_1 is a linear differential opera- 
tor of order t — 1 on H (D) with polynomial coefficients (see PropositionlU). 
It follows that there exists a polynomial such that 

K Z ) = p ^ 

This completes the proof of the lemma. □ 

We can now prove the first main result of the section. 

Theorem 59. Suppose a is real, (3 is real, and p > 0. Then the operator T 
defined on H(M n ) by 

Tf(z) = /(0) + Yl H^- a)/p a m z m , f(z) = £ a m z m , 

|m|>0 m 

maps A p a boundedly onto A P q. 
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Proof. By switching the roles of a and (3, it is enough for us to show that 
the operator T maps A v a into A p „. When p — 1, the desired result follows 
from Lemmas 1551 and l56l 

First suppose that 1 < p < oo with 1/p + 1/q = 1. Let 9 = 1/q. Then 

11-0 9 

p 1 oo 

Because the dual space of A P p can be identified with under the integral 
pairing 

(f,g)= j (1 - \z\ 2 ) N R s > N f(z) (1 - \z\*)"R^g(z) dv (z), 

where iV is a sufficiently large positive number, it suffices for us to show 
that there exists a constant C > 0, independent of / and g, such that 

\{Tf,g)\<C\\f\\ p Jg\\ qiP (33) 

for all / G A p a and g e A J. 

Fix a unit vector / in and fix a polynomial g that is a unit vector 
in Ap (recall that the polynomials are dense in AV). It follows from the 
complex interpolation relation (see Theorems 1381) [A^, B] e = A p a that there 
exist functions where ( 6 5, such that 

(a) /e = /. 

(b) ( I— >■ is a bounded continuous function from S 1 into A^ + B whose 
restriction to 5 is analytic. 

(c) ^" i — ^ is a bounded continuous function from L(S) into A l a with 

(d) For ( i— ► is a bounded continuous function from -R(S') into i3 
with ||/ f || B <C7. 

Here C is a positive constant independent of /. 
Consider the function 

F(0= [ (l-\z\ 2 ) N R s ' N Tcfdz)g c (z)dvp(z), 
where ( E S and 



Because g is a polynomial, the function F is bounded and continuous on S 
and its restriction to S is analytic. When £ = it follows from Lemma 1551 
thatF(e) = (Tf,g). 
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When Re £ = 0, it follows from Lemma [56] that Tq maps A\ boundedly 
into A 1 ^, so there exists a positive constant C such that 

\\T c f c \\i,p < C \\f c \\ ha < C C 

for all Re£ = 0. Thus there exists a constant M > (independent of /, g, 
and such that 

|F(C)|< / (l-\z\Y\R s ' N T c f c (z)\dv p (z)<M 

for all Re C = 0. 

When Re£ = 1, it follows from Lemma 1571 that is bounded on the 
Bloch space, so there exists a positive constant G\ such that 

||Tc/cllB<Cill/cllfl<CiC 
for all Re ( = 1- We can then find a positive constant Mi (independent of 
/, g, and Q such that 

\F(C)\ <cj (1 - IzlTW'^WI 9 ^) < M 1 

for all Re C = 1- 

It follows from Hadamard's three lines theorem that 

\F{6)\ < M^Ml 

Since M and M\ are independent of / and g, this yields the estimate (1331) 
and proves the theorem for 1 < p < oo. 

Next assume that < p < 1. By Theorem |32l there exists a positive 
number b (we can choose b to be as large as we want) and a sequence {a^} 
in B n such that every function / G A v a can be written as 

oo 

fc=l 

with 

oo 
k=l 

where C is a positive constant independent of / and 

(1 _ |a fc | 2 ) b -( n+1+c *)/ p 
h{z) = (l-(z,a k )Y ■ 
By first considering finite sums and then taking a limit, we may assume that 

oo 

Tf = ^ °k T fk- 
k=l 
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Since < p < 1, we must have 

oo 
k=l 

Since the sequence {f k } is bounded in A p a , the proof of the theorem will be 
complete if we can show that there exists a constant C > such that 

\\Tf\U < CII/IU 

for functions of the form 

We fix a sufficiently large positive integer k and apply Lemma [55J to 
represent the operator T as 

1 v fc + («_j9)/ p _i rfr 



Tf(z) = f(0) + cj R k f(rz) (log- 



Write = and take the factor i? fc 1 out of the integral sign. Then 

Tf(z) = /(0) + ci^ 1 1 (i og I) fc+(Q ~" )/p - 1 rfr _ 

We assume that b is chosen so that 

p 

is a sufficiently large positive integer. It is easy to see that 

1 x fc+(a-/?)/p-l L 

\ ' "(/•) 

where H{r) = 0((1 — r) L ) as r — > 1. It follows that 
T = T + T 1 + --- + T L + T L+1 , 

where 



/ 1 1 \ k+{a-P)/p-l L 



T f(z) = /(0) + cR k ~ l C - r )*+(a-/»)-i rfr , 

and 

7}/(z) = cfo,^- 1 f - r )*+i+M/p-i dr> 1 < j < L, 

Jo r 

and 

T L+1 /(2) = c / R k f(rz)(l - r) k+{a -^ p - l H(r) — . 

Jo r 
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It then follows from Lemma 1581 that there exists a constant C > such that 

\\TjfWpj, < C\\f\\ p , Q 

for all < j < L and all functions / given in (T34j The same estimate holds 
for the operator Tl+i as well, except this time we do not use Lemma l58l but 
use the assumption that L is large enough so that 

dr 



R N T L+1 f{z) = c I R N+k f{rz){l - r f+^-P)/P-^ H[ 
Jo 



r) — 

r 



is bounded, where iV is any nonnegative integer with pN + j3 > — 1 and / 
is given by (|34l) . This proves the case < p < 1 and completes the proof 
of the theorem. □ 

As the second main result of this section we establish an isomorphism 
between A a and Ap by a simple coefficient multiplier. 



Theorem 60. Suppose a and f3 are real. Then the operator T defined by 

f(z) = J2 a mz m i- Tf(z) = f(0) + a m \m\ a -?z m 

m |m|>0 

is an invertible operator from A Q onto hp. 



Proof. By reversing the role of a and (3, it suffices for us to show that the 
operator T maps A a boundedly into A^. 

Given / G h a , we fix a sufficiently large positive integer k and use 
Lemma [551 to write 

Tf(z) = /(0) + c ^ R k f(rz) (log - J -. 
If is another sufficiently large positive integer, then 

i^r/(^)= / R N+k f(rz) log- -. 

Since / G A a , it follows from Lemma [T51 that 

sn V (l -\z\ 2 ) N+k - a \R N+k f(z)\ <oo. 

But R N+k f(0) = 0, we must also have 

sup (1 - \ z \Y +k - a lRN+ . k { {z)l < 00. 
So there exists a constant C > such that 



\R N Tf(z)\<cJ^ flog J 



ry (1 — r 2 |z| 2 ) Ar+fc_a ' 
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Now the above integral clearly converges near r = 0. When r is away from 
0, log - is comparable to 1 — r 2 . So there exists another constant C > 
such that 

r 1 (\ r 2\k—a+f3—l J r 

\R N Tf(z)\ < C / U T I 

I J (1 _ r 2| z |2)jV+fc-a 

An elementary estimate then shows that 



R N Tf(z)\ < 



1 - kl 2 )^-/ 3 



for some constant C > and all z E B n . This shows that T/ is in and 
completes the proof of the theorem. □ 

We mention that, at least in the case n — 1, the theorem above also 
follows from Theorem [12] and the asymptotic expansion of a ratio of two 
gamma functions as given in Tricomi-Erdelyi [|55l . In fact, in the one- 
dimensional case, it is easy to see that if 

oo 

f( z ) = j2 a ^ k 

k=0 

is a function in A a , then the sequence {k a a,k} is bounded. It is also easy 
to show that if the sequence {k a+1 ak} is bounded, then the function / is in 
A a . This together with the main result of Tricomi-Erdelyi 11551 easily gives 
Theorem |591 above. Coefficients of functions in Bloch and Lipschitz spaces 
are also studied in Bennet-Stegenga-Timoney iTPl . 

14. Lacunary Series 

One way to construct concrete examples in certain spaces of analytic 
functions is by using lacunary series. In this section we characterize lacu- 
nary series in weighted Bergman spaces and Lipschitz spaces. 

We say that an analytic function / on B n has a lacunary homogeneous 
expansion if its homogeneous expansion is of the form 

oo 
h=l 

where satisfies the condition 

inf^±i = A>l. 

h m k 

If n = 1, the lacunary homogeneous expansions are just lacunary series in 
the unit disk. When n > 1, we say a lacunary homogeneous expansion is a 
lacunary series if every homogeneous polynomial f mk consists of just one 
term. 

Our first result characterizes a lacunary homogeneous expansion in A p a . 
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Proposition 61. Let < p < oo, a be any real number, and 

oo 

fe=l 

be a lacunary homogeneous expansion. Then f G A p a if and only if 

oo 

^ m l l ~ a \\fm k \\ P Hv < OO, 
k=l 

where 

\\f\\H>= ( I 1/(0 WC)) P 
denotes the H p -norm of f. 
Proof By Proposition 3 in Yang-Ouyang lloTTl . if 

oo 
k=l 

is a lacunary homogeneous expansion, then g G A p if and only if 

oo 
k=l 

Let / G A p a . By TheoremQjJ if s is a real number such that neither n + s nor 
n + s + (a/p) is a negative integer, then f E A p a ii and only if R s , a /pf £ 
which, by the above result, is equivalent to 

oo 

fe=l 

where 

r(n + 1 + s + a/p)T(n + 1 + m fc + s) 



a 



T(n + 1 + s)T(n + 1 + m k + s + a/p) 
It follows from Stirling's formula that 

-a/p 



c mk ~ m k 



as — > oo. Thus the above condition is equivalent to 

oo 
fc=l 

The proof is complete. □ 
The next result characterizes a lacunary series in A p a . 
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Proposition 62. Let < p < oo, a be any real number, and 

oo 
k=l 

be a lacunary series, where 



fm k (z) - UkZx 1 ■ ■ ■ Z" n 

Then f G A? a if and ony if 



m hri 



E 



ml+Ti^f + n) 



< OO. 



Proof. Let ( m = C^ 1 ■ ■ ■ (,™ n and \m\ = m x + ■ ■ • m n . An easy modification 
of the proof of Lemma 1.11 in ll68l shows that 

(n-i)!nr = ir(T + i) 

r(^ + n) 

Combining this identity and Proposition I6TI we get the desired result. □ 
Proposition 63. Let a be any real number, let 

oo 
k=l 

be a lacunary homogeneous expansion, and denote by 

= SU P l/m k (C)l- 

Then 

(a) / G A Q if and only if 

svL-pm%\\f mk \\ H °° < oo- 

k>l 

(b) / G A a o if and only if 

lim m%\\f mk \\ H <*> = 0. 

Proof. The results follow easily from Theorem[l6l the corresponding result 
for A a>0 , and Propositions 2 and 3 in Wulan-Zhu [59J. We leave the details 
to the interested reader. □ 

Proposition 64. Let a be any real number and 

OO 

k=l 
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be a lacunary series, where 

f mk (z) = a k z^---z^ 

Then 

(a) / e A Q if and only if 



m fcl m k 

supm k \a k \\ w — — < oo. 

k>l V m k 



(b) / G A Q j0 if and only if 



'm h 1 ■ ■ - m. 



lim m^lajfeU / — 1 ^ — =- = 0. 

Proof. The results follow directly from Proposition [63] and Lemma 4 in 
Wulan-Zhu (H. □ 

Several special cases of the main results of this section are known. For 
example, lacunary series in the Bloch space of the unit disk are described 
in Anderson-Clunie-Pommerenke [3], lacunary series in weighted Bergman 
spaces AP a of the unit ball, where a > — 1, are described in Stevic [53J, and 
lacunary series in Bloch and certain Lipschitz spaces of the unit ball are 
characterized in Wulan-Zhu Il59ll . 



15. Inclusion Relations 

In this section we study inclusion relations among weighted Bergman 
spaces and Lipschitz spaces. From the definition and Proposition [641 it is 
very easy to see that if a > [3 then A a C Ap, and the inclusion is strict. 

The inclusion relations between weighted Bergman spaces are more com- 
plicated in general. Several embedding theorems have been known be- 
fore, and our results here overlap with some of them; see Aleksandrov B2l, 
Beatrous-Burbea [1 1 J, Graham G8l . Luecking ll38l . and Rochberg ll45l . We 
begin with the following simple case. 

Proposition 65. Let < p < oo, and let a and f3 be any two real numbers 
satisfying a < (3. Then 

K c A% 

and the inclusion is strict. 

Proof. The inclusion is obvious. To prove that the inclusion is strict, we 
only need to test functions of the form f t (z) = (1 — z\f. See Yang-Ouyang 
lloTTl for a similar argument. □ 
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To better describe the inclusion relations of Bergman spaces, we intro- 
duce the notion of Lipschitz stretch first. More specifically, if X is a space 
of analytic functions, we define the Lipschitz stretch of X as follows: 

A(X) = inf{/3 - a : A_ Q C X C A_g}. 

We also call the constants 

a = sup{a : A_ a C X}, /3 = inf{/3 : X C A.^} 

the lower and upper bounds of the Lipschitz stretch, respectively. A similar 
concept using Bloch type spaces was introduced in Zhao [621 for spaces of 
analytic functions in the unit disk. 

Theorem 66. Let < p < oo and let a be any real number. Then for any 

7 < (1 + a)/p we have 

A_ 7 cA p tt C A_( n+ i +a )/p. 

5o?/z inclusions are strict and best possible, where "best possible " means 
that, for each p and a, the index 7 of A_ 7 on the left-hand side cannot be 
replaced by a larger number, and the index (n + l + a)/pon the right-hand 
side cannot be replaced by a smaller one. 

Proof. Suppose / G A p a . Then R k f G A p k+a , where A; is a nonnegative 
integer satisfying pk + a > —1. By Theorem [201 there exists a positive 
constant C such that 

(1 - \z\ 2 ) h+( - n+1+a)/p \R k f(z)\ < C 

for all z G B n . This means / G A_ (n+1+a)/p , so A p a C A_ (n+1+Q y p . 

Next suppose 7 < (l + a)/p and / G A^ 7 . Let k be a nonnegative integer 
such that + 7 > 0. Then fcp + a > — 1 and a — pj > — 1, so 

/ (1 - |2| 2 ) pfc |i? fc /(z)| p dt; a (z) 

< sup ((1 - \z\ 2 ) k+ ^\R k f(z)\) P [ (1 - |^| 2 )^^ Q (z) 

z€B n JBn 

< Csup ((1- \z\ 2 ) k+ ^\R k f(z)\) P . 

2GB n 

Thus A_ 7 c AP a . 

We only give a sketch of the rest of the proof since it is similar to the 
argument used in Yang-Ouyang [61 J. For t > let k be a nonnegative 
integer such that k + 7 > 0. Since the radial derivative is an invertible 
operator on the space of holomorphic functions in B n that vanish at the 
origin, we can define a holomorphic function f t in B„ by 

ft{z)=R- k [(l -*!)-*-* 
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Then 

R k f t (z) = (l-z 1 )- t - k -l, 
so for any z6l„ and t < 7, 

(1- h 2 )^!^/^)! < (i-i^i 2 ) fc+7 (|i-^r'- fc + i) 

< c(i - |z| 2 ) 7 -' < a 

On the other hand, if t > 7, then we take z = (x, 0, 0), where x is a real 
number between and 1, to obtain 

(l-\z\ 2 ) k+ ~<\R k f t (z)\ = (l-x 2 ) fc+7 ((l-x)-'- fc -l) > (l-xy- 1 -> 00 
as a; — > 1, Thus 

/t G A_ 7 if and only if t < 7. (35) 
By a similar computation as used in Yang-Ouyang ffoTI , we see that 

77, —i— 1 —I— 

/ t GA£ when t< , (36) 

V 

and 

ft^A* when t= I - . (37) 

p 

For any £ > let £ = (n + 1 + a)/p — e/2. Then 

(n + l + a)/p-e<t< (n + l + a)/p. 
By (EU) and (05) we hav 

/ t eA* but / t £A 

This shows that the inclusion C Af n +i+ a )/p is the best possible. At the 
same time it also shows that the inclusion A_ 7 C A v a is strict, since 

A_ 7 c A_((„ +1+Q )/p_ e ) 

as £ < n/p. 

Let t = (n + 1 + a) /p. Then by (03 and (02), /* £ A£ but / t e 
A_ (n+1+Q ) /p , so the inclusion A v a C A_ (ri+1+a)/p is strict. 
To show that the left inclusion is the best possible, we let 

00 00 

k=l k=l 

where {W 2 fc } is a sequence of polynomials with Hadamard gaps as in The- 
orem 1.2 of Ryll-Wojtaszczyk [|47ll and Corollary 1 of Ullrich |[56l with the 
following properties: 

||W 2 k||H°° = 1, ||W 2 *||in> > c ( n >P)' 
where C(n, p) is a constant depending only on n and p. 



BERGMAN SPACES 77 

From Proposition [63] and Proposition [6H we easily deduce that f Pi(X E 
A_(i+«)/p but f p>a ^ v4^. Thus the inclusion A_ 7 C A p a is best possible. 
The proof is complete. □ 

As a direct consequence we obtain the Lipschitz stretch of A p a . 

Corollary 67. Let < p < oo anJ to a be any real number. Then 

KK) = - 
v 

with lower bound (1 + a)/p and upper bound (n + 1 + a) /p. 

Corollary 68. All weighted Bergman spaces are different, that is, A v a ^ Aj^ 
whenever (p, a) ^ (q, (3). 

Proof. lfp = q but a ^ (3, then by Proposition[65l A p a and A q ^ are different. 
If p ^ q, then Corollary [67] tells us that A(A p t ) = 1/p, while A(A q /3 ) = 
1/q. Thus A p a and A^ have different Lipschitz stretchs, so they must be 
different. □ 

The following two theorems completely describe the inclusion relations 
between two weighted Bergman spaces. Beatrous-Burbea IfTTI contains 
several related results. 

Theorem 69. Let < p < q < oo. Then A p a C A^ if and only if 

n + l + a < n + l + (3 
p ~ q 
and in this case the inclusion is strict. 

Proof. Let < p < q < oo and / £ A p a . Let k be a nonnegative integer 
such that pk + a > — 1 and kq + (3 > — 1. It follows from the closed graph 
theorem that the inclusion A p a C A^ is equivalent to 

/ \R k f{z)\ q dv kq+p {z)<C\\f\\l a . (38) 

Let s > be a real number which is sufficiently large. By Theorem [50] the 
inequality in (|38l) is equivalent to 

\2\s 



A ~ \z\ 

|X — (2, w) \s+(n+l+a+kp)q/p 



SU P / h ~ rTTZTTT^ZT^Tw^ ^VtfM < °°, 



or 



By Proposition [7] the inequality above holds if and only if 

c = s + kq + (n + l + a)q/p — (n + 1) — (kq + (3) < s, 
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which is easily seen to be equivalent to 

n+l + a 72 + 1 + /? 
p ~ q 

In view of Corollary [68] the proof is now complete. □ 
Theorem 70. Let < q < p < oo. Then A p C Al if and only if 



1 + a 1 + 3 
< , 



p q 
and in this case the inclusion is strict. 

Proof. Let < q < p < oo and / E A p a . Let k be a nonnegative integer 
such that pk + a > — 1 and kq + (3 > — 1. Once again, the closed graph 
theorem tells us that the inclusion A p a C Al is equivalent to 

\R k f(z)\idv kq+ p(z)<C\\f\\l Q . (39) 

Let s > be a real number which is sufficiently large. By Theorem [3H the 
inequality in (l39l) is equivalent to 

B s , kp+a {v kq+p ) E L p/(p - 9) (B n , dv kp+a ). (40) 

If s is large enough, then by Proposition [71 



(1-1 


z\ 


2 )'(l-l 


w\ 


2\kq+/3 




1 - 


(w,z)\ n+1 


+s+kp+a 



B Sjkp+a (v kq+f) )(z) = |1 _ (w ^ )|ra+1+5+fcp+a dv(w) 

(1 - \ z \ 2 y k (p-l)-(a-P) _ 



as\z\ approaches 1. Thus fiOl) is equivalent to 



which is equivalent to 

1 + a 1 +/3 

This along with Corollary [68] finishes the proof. □ 

16. Special Cases 

In this section we point out to the reader the various special cases of the 
spaces A p a and A Q . 

As was mentioned in the introduction, when a > — 1, the spaces A p a are 
traditionally called weighted Bergman spaces. In this case, a holomorphic 
function / in M n belongs to A p a if and only if 

\f(z)\ p (l-\z\ 2 ) a dv(z)<oc. 
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SeeZhu Igjfl . 

When a = — (n + 1), orra + a + l = 0, we have mentioned several 
times earlier that the space A p a is traditionally denoted by B p and is called 
a diagonal Besov space. Alternatively, a holomorphic function / in B n 
belongs to the Besov space B p if and only if 



/ |(1- \z\ 2 ) k R k f(z)\ p dr(z) < oo, 



where is any positive integer with pk > n and 

dv(z) 



dr(z) 



(i-M 2 ) 



2\n+l 



is the Mobius invariant measure on B.„. See Zhu [68J. 

When a = — 1 and p = 2, the space A p a coincides with the classical 
Hardy space H 2 . See dll and (1.22) of Zhu [68]. Recall that H p consists 
of holomorphic functions / in B n such that 



sup / \f(r()\ p da(0<oo, 

><r<l Js„ 



0<r<l Jg 

where da is the normalized surface measure on the unit sphere S n . 

When a = —n and p = 2, the space A p a is the so-called Arveson space, 
which is usually defined as the Hilbert space of holomorphic functions in 
B n whose reproducing kernel is given by 

K(z, w s 



1 - (z,w)' 



see Theorem |4TJ This space has attracted much attention lately in the study 
of multi-variable operator theory. We mention Arveson's influential paper 
|[8l and the recent monograph IfTTl by Chen and Guo. 

When < a < 1, the space A a is the classical Lipschitz space of holo- 
morphic functions / in B n satisfying the condition 

(\f(z)-f(w)\ m , 1 

sup <^ -1—^ :z,«J6i n ,z^ <oo. 



See Section 6.4 of Rudin ll46ll . The space A 1 is also called the Zygmund 
class, especially in the case when n — 1. 

When a = 0, the space A a is just the classical Bloch space, consisting of 
functions / £ H(M n ) such that 

sup(l - \z\ 2 )\Rf(z)\ < oo. 
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When a < 0, the spaces A a have appeared in the literature under the 
name of growth spaces. In this case, a holomorphic function / in B n be- 
longs to A a if and only if 

sup(l- |z| 2 ) |a| |/(^)| < 00. 

z£M n 

The term "Bloch type spaces" or a-Bloch spaces can also be found in 
recent literature. More specifically, for any a > the a-Bloch space is 
denoted by B a and consists of holomorphic functions / in B n such that 

sup(l - |z| 2 ) a |.R/(z)| < oo. 

It is then clear that the a-Bloch space B a is the same as our generalized 
Lipschitz space Ai_ Q . See Zhu [68J. 

17. Further Remarks 

Unless p — 2, the space A v _ x is not the same as the Hardy space H p , 
although in many situations it is useful to think of H p as the limit of A p a as 
a approaches —1. One particular problem here is to identify the complex 
interpolation space between H p and A p a when a > — 1 and p > 1. It is also 
interesting to ask for the complex interpolation space between H p and A a . 

The spaces A p a when a is a negative integer appear to be very special. It 
would be interesting to see some "singular properties" of these spaces. 

Finally, we conjecture that Theorem |46l remains valid when 1 < p < oo. 
This is probably very difficult, since an affirmative answer would charac- 
terize Carleson measures for the Hardy space H 2 as a special case, and it is 
well known that the characterization of Carleson measures for Hardy spaces 
is very technical. 
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